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158 . x ; � � � Æ ! A 4029E�, z*)������nP℄, +HwTV
��:�)&8$8b�.nP℄:b;. 6�N��:bPCJ�{7 -���= [19],8
I=,4:\#`+�<[G:OMpG\, 
BMi:uG�, Mi: Crouzeix-Raviart �, Wilson �, Adini �, Morley-Wang-

Xu �=:\#�)!j, "9I�H:L�O&, �)}\T1o."V
N):;\��, I Stokes O&�r����d:1e97d
:&8$, ��3UZMi:uG���Mi: Crouzeix-Raviart �, F~97T=,4\#. WNV
F�~UZT Crouzeix-Raviart �p Q1 uG�:\#�)�A.7��S:h:(EkK��\2?�r�b��
{1, x, y, x2 − y2} {1, x, y, x2, y2}

{1, x, y} {1, x, y, x2 + y2}I 1A
� Stokes =,4\#:OM.+JV
r��": Stokes =,4TB�\ [20,21]� (u, p, λ) "9


















−∆u+∇p = λu " Ω>,

∇ · u = 0 " Ω>,

u = 0 " ∂Ω�,
∫

Ω
u2dΩ = 1,

(1){> Ω ⊂ R
2 (�_0� LipschitzPt�# ∂Ω :�#��,∆, ∇ p ∇·U��& Laplacian,�Hp�H5I.I� Stokes =,4TB,Babuška-Osborn [22,23], Mercier-Osborn= [24] ��'5I:yG\ [25] `+Td
:�r�b��):G\UZ. " [26,27]`+Td
:z|Y!f�I:�A, [28,29] `+d
:NJUZ.�TB (1) d
:�n$Q� (u, p, λ) ∈ V ×W ×R "9 s(u,u) = 1, ��

{

a(u,v) + b(v, p) = λs(u,v) ∀v ∈ V ,

b(u, q) = 0 ∀q ∈ W,
(2)



A 19z V�, >: Stokes P'SkD�s�;>-5℄$ 159{> V = (H1
0 (Ω))2, W = L2

0(Ω) p
a(u,v) =

∫

Ω

∇u∇vdΩ ,

b(v, p) = −

∫

Ω

∇ · vpdΩ ,

s(u,v) =

∫

Ω

uvdΩ .�: [30–34]. Æ [22] >:!\, V
?�28 Stokes =,4TB (2) �=,4[U {λj}

0 < λ1 ≤ λ2 ≤, · · · ,≤ λk ≤, · · · , lim
k→∞

λk = ∞,pd
:=,m-[U
(u1, p1), (u2, p2), · · · , (uk, pk), · · · ,{> s(ui,uj) = δij . QT�4}�, +J8;\4=,4:�A.I=,4TB (1), �\: Rayleigh �d$%M

λ =
a(u,u)

s(u,u)
. (3)\d, V
F�F�:�b���C�"TB (2). X Th �&�� Ω ��_)HQ h :m�::�b�xU���n�*.n�. QTF��b���pd
:�b� 4, V
&��i�xUdg:Zo. X Eh �&xU Th �7��:
r. "xU Th �V
F�d
:RjC�b��� V h 6⊂ V [32,35]. �S>:RjC��&���
l" (H1(Ω))2 >.V
F�=,I (u, p, λ) �b��) (uh, ph, λh) ∈ V h×Wh×RQ�s(uh,uh) = 1��

{

ah(uh,vh) + bh(vh, ph) = λhs(uh,vh) ∀vh ∈ V h,

bh(uh, qh) = 0 ∀qh ∈ Wh,
(4){>7�7:/
q�:F�Q

ah(uh,vh) =
∑

K∈Th

∫

K

∇uh∇vhdxdy,

bh(uh, qh) =
∑

K∈Th

∫

K

∇uhqhdxdy.Æ�+_/
qn$(" V h �:L�:, /-, V
?�F�"�� V + V h �:N-Q�\:n$
‖vh‖

2
1,h = ah(vh,vh).Æ (4), V
F~28 λh ��\: Rayleigh �:�0n$

λh =
ah(uh,uh)

s(uh,uh)
. (5)Æ [22] 28F� Stokes =,4TB (4) �=,4sU

0 < (λ1)h ≤ (λ2)h ≤ · · · ≤ (λk)h ≤ · · · ≤ (λN )h,pd
:=,m-sU
((u1)h, (p1)h), ((u2)h, (p2)h), · · · , ((uk)h, (pk)h), · · · , ((uN )h, (pN)h),{> s((ui)h, (uj)h) = δij , 1 ≤ i, j ≤ N .



160 . x ; � � � Æ ! A 402F�TB (2):)Fq?�Æ�� V h p Wh ^Ld
 Babuška-BrezziD�C�1 ([32]�� [35])

inf
06=qh∈Wh

sup
06=vh∈V h

bh(vh, qh)

‖vh‖1,h‖qh‖0
≥ C > 0. (6)V
28 Stokes=,4TB�b��):*Qq�D�*�=,m-:0%q. +J��=,m-��\:0%q [36−40]

‖u‖1+γ + ‖p‖γ ≤ C, (7){> 0 < γ ≤ 1 (�_Æ�"���# ∂Ω N2k�3F: [36,40].�S>, V
8=[N?�:RjC�, 9

B Crouzeix-Raviart, Q1 uG�pMi:
Q1uG�,F�~UZ�?E3�Mi: Q1uG�:"��n�:Mi: Crouzeix-Raviart�. �+i4�CM%4H�)�� V h,!rÆUs$-e%:yN�)��Wh . 7�+i4�97:=,4�) λh pd
:=,m-�) (uh, ph) ��\:Y!f� [23−24,32,35,41]

|λ− λh| ≤ Ch2γ(‖u‖1+γ + ‖p‖γ)
2, (8)

‖u− uh‖1,h + ‖p− ph‖0 ≤ Chγ(‖u‖1+γ + ‖p‖γ) , (9)

‖u− uh‖0 ≤ Ch2γ(‖u‖1+γ + ‖p‖γ). (10)\d:&8$	GE3� Armentano-Durán " [16] >`+:d
� Laplace =,4TB:&8$, F�"S [17,19, 43–44] >97T!�p(��L&.|h 1.1 �� λ, (u, p) ∈ V ×W (TB (1)�_=,m-I, λh, (uh, ph) ∈ V h×Wh QF�TB (4) d
:m-I. �� Wh ⊂ W , ���� V h p Wh ^Ld
: Babuška-BrezziD� (6). %V
��\:&8$
λ− λh = ‖u− uh‖

2
1,h − λh‖vh − uh‖

2
0 + λh(‖vh‖

2
0 − ‖u‖20)

+2ah(u− vh,uh)− 2bh(vh − u, ph), ∀vh ∈ V h. (11)�i v$4R=,m- u p uh "9 s(u,u) = 1 p s(uh,uh) = 1, %V
�
‖u‖21 = λ, ‖uh‖

2
1,h = λh.	KI��� vh ∈ V h �

‖u− uh‖
2
1,h = ‖u‖21,h + ‖uh‖

2
1,h − 2ah(u,uh)

= λ+ λh − 2ah(u− vh,uh)− 2ah(vh,uh). (12)" (12) R�F��� −2bh(vh, ph), V
?�97
−2ah(vh,uh)− 2bh(vh, ph) = −2λhs(vh,uh)

= λh‖vh − uh‖
2
0 − λh‖vh‖

2
0 − λh‖uh‖

2
0

= λh‖vh − uh‖
2
0 − λh(‖vh‖

2
0 − ‖u‖20)− 2λh.!rD� bh(u, ph) = 0 ?�97I�� vh ∈ V h �

‖u− uh‖
2
1,h − 2bh(vh − u, ph)

= λ− λh − 2ah(u− vh,uh) + λh‖vh − uh‖
2
0 − λh(‖vh‖

2
0 − ‖u‖20).C/=$R�:d
:f
?�977r1:&8$ (11).
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2 Crouzeix-Raviart �
Crouzeix-Raviart (" [44] >A+:, F��\
Vh :=

{

v ∈ L2(Ω) : v|K ∈ span{1, x, y}, I��:K ∈ Th, v"��>B,Pt,� ∫

l
v|Kds = 0 �K ∩ ∂Ω = l

}

.�b��� Wh F��\
Wh :=

{

w ∈ L2(Ω) : w|K ∈ span{1}, I��:K ∈ Th

}

. (13)Æ [32] ?2�,R_�b���^L Babuška-BrezziD�.� V
1f Crouzeix-Raviart�I� Stokes =,4TB:|��n`+\#. F� 4 Πh : H1(Ω) 7→ Vh Q
∫

l

Πhuds =

∫

l

uds, ∀l ∈ Eh. (14)|h 2.1 I� Crouzeix-Raviart�, \,Y!f�
‖u−Πhu‖0 + h‖u−Πhu‖1,h ≤ Ch1+γ‖u‖1+γ , (15)I�� u ∈ (H1+γ(Ω))2 %M.Æ	G 1.1, I� Crouzeix-Raviart �, 6"|��, V
�Yh 2.2 X λj p λj,h (�TB��� Crouzeix-Raviart ��":�b�TB:� j_=,4,X uj ∈ (H1+γ(Ω))2 ^L 0 < γ < 1 � ‖uj − uj,h‖

2
1,h ≥ Ch1+γ−δ, δ > 0 ?���h. %6 h *Uh�, V
�

λj,h ≤ λj . (16)�i X vh = Πhu, V
I&8$ (11) :XfOBff�.+_ÆY!f� (8)-(10), `	 λh‖Πhu − u‖20 �3� ‖u − uh‖
2
1,h (\�f. I�

λh(‖Πhu‖
2
0 − ‖uh‖

2
0), V
��\:f�

λh

∣

∣

∣

(

‖Πhu‖
2
0 − ‖u‖20

)

∣

∣

∣
= λh

∣

∣

∣

∫

Ω

(

Πhu− u
)(

Πhu+ u
)

dxdy
∣

∣

∣

≤ Cλh1+γ‖u‖1+γ . (17)Æ Crouzeix-Raviart � 4 Πh :F�, ?9
ah(u −Πhu,uh) = 0, � bh(u− Πhu, ph) = 0. (18)/�,UZ (17)-(18) �� 2γ < 1 + γ pFGD�, 6|��n�, 
 γ < 1 V
�

λj − λj,h = ‖u− uh‖
2
1,h +O(h1+γ)

≥ Ch1+γ−δ +O(h1+γ). (19)/ (19) ?2, 6 h *Uh�, V
� λj − λj,h ≥ 0, 1�.

3 [wXWQ1y��+� >, V
�;\ Qrot
1 �:=,4:\#q. �� Th (OnxU, i_ Qrot

1 ���F�Q



162 . x ; � � � Æ ! A 402
Vh :=

{

v ∈ L2(Ω) : v|K ∈ span{1, x, y, x2 − y2},
∫

l
v|K1

ds =
∫

l
v|K2

ds,6K1 ∩K2 = l � ∫

l
v|Kds = 0 �K ∩ ∂Ω = l

}

, (20){> K,K1,K2 ∈ Th � V h = V 2
h . �b��� Wh F�Q

Wh :=
{

w ∈ L2(Ω) : w|K ∈ span{1}, I��: K ∈ Th

}

. (21)Æ [32] 28R_��^L Babuška-Brezzi D�.+JV
�;\|��n\,Stokes O& Qrot
1 /P0 �:=,4\#TB. +_F� 45I Πh : H1(Ω) 7→ Vh

∫

l

Πhuds =

∫

l

uds, ∀l ∈ Eh. (22)|h 3.1 � u ∈ (H1+γ(Ω))2, %I� Qrot
1 �, \,Y!f�$%M

‖u−Πhu‖0 + h‖u−Πhu‖1,h ≤ Ch1+γ‖u‖1+γ . (23)I Qrot
1 /P0 �, 
�	G 1.1, V
�Yh 3.2 � λj p λj,h U�(� j _*�=,4pd
: Qrot

1 /P0 �:�)4. �
uj ∈ (H1+γ(Ω))2, {> 0 < γ < 1 � ‖uj − uj,h‖

2
1,h ≥ Ch1+γ−δ. i_, 6 h *Uh�, �

λj,h ≤ λj . (24)�i � vh = Πhu, ÆY!f� (8)–(10) p 4Y!f� (23), 97RjCY!f�
‖uj −Πhuj‖0 ≤ h1+γ‖uj‖1+γ ,

‖uj − uj,h‖1,h ≤ Chγ‖uj‖1+γ ,

‖uj − uj,h‖0 ≤ Ch2γ‖uj‖1+γ .E3� Crouzeix-Raviart �, 6 0 < γ < 1 �, dI���f ‖u− uh‖
2
1,h,

λh‖Πhu− uh‖
2
0 p λh(‖Πhu‖

2
0 − ‖u‖20) G(\�f.p!:(,Qrot

1 �: 4 Πh �
ah(u−Πhu,uh) = 0, � bh(u−Πhu, ph) = 0 (25)���,UZ, I�|��nV
97T (24).

4 [wXr`WQ1y��F�".nxU�RjC: EQrot
1 �Æ Tobiska- A��=" [14] >A+. �-, � V
�� Th (.nxU,EQrot

1 �F��\�
Vh :=

{

v ∈ L2(Ω) : v|K ∈ span{1, x, y, x2, y2},
∫

l
v|K1

ds =
∫

1 v|K2
ds,6K1 ∩K2 = l, � ∫

l
v|Kds = 0, �K ∩ ∂Ω = l

}

, (26){> K,K1,K2 ∈ Th �X V h := V 2
h . �b��� Wh F�Q

Wh :=
{

w ∈ L2(Ω) : w|K ∈ span{1}, I��: K ∈ Th

}

. (27)Æ [32] ?2�,R_��^L Babuška-BrezziD� (6).
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�1fI�W\h|p|��n, 
 0 < γ ≤ 1, \#G97, 
� 7+�r�
EQrot

1 /P0 l97 Stokes =,4TB:\#. V
� 4m- Πh : H1(Ω) 7→ Vh F�Q
∫

l

Πhuds =

∫

l

uds ∀l ∈ Eh � ∫

K

Πhudx =

∫

K

udx ∀K ∈ Th. (28)|h 4.1 I� EQrot
1 �, \,Y!f�

‖u−Πhu‖0 + h‖u−Πhu‖1,h ≤ Ch1+γ‖u‖1+γ , (29)I�� u ∈ (H1+γ(Ω))2 %M.Æ	G 1.1, I� EQrot
1 /P0, V
��Yh 4.2 X λj p λj,h (�TB��� EQrot

1 /P0 �":�b�TB:� j _=,4,X uj ∈ (H1+γ(Ω))2 ^L 0 < γ ≤ 1 � ‖uj − uj,h‖
2
1,h ≥ Ch2+γ−δ + Ch4γ−δ, %6 h *Uh,V
�

λj,h ≤ λj . (30)�i X vh = Πhu, V
I&8$ (11) :XfOBff�.I�� 2 fp� 3 f, V
�
‖Πhuj − uj,h‖

2
0 ≤ ‖Πhuj − uj‖

2
0 + ‖uj − uj,h‖

2
0 ≤ Ch4γ‖uj‖

2
1+γ ,

∣

∣

∣
‖Πhuj‖

2
0 − ‖uj‖

2
∣

∣

∣
=

∣

∣

∣

∫

Ω

(uj −Πhuj)(uj +Πhuj)
∣

∣

∣

=
∣

∣

∣

∫

Ω

(uj −Πhuj)
(

(uj +Πhuj)−Π0(uj +Πhuj)
)

dx
∣

∣

∣
≤ Ch2+γ‖uj‖1+γ ,{> Π0 �&Us$- 45I. I��2f, Æ [7] V
�

ah(u −Πhu,vh) = 0 ∀vh ∈ V h. (31)INz�f, ÆU�	U9
bh(Πhu− u, ph) =

∑

K∈Th

∫

∂K

(Πhu− u) · nphds = 0. (32)6 0 < γ ≤ 1 �, � 2γ < 4γ p 2γ < 2 + γ, !rFGD�2��f(Cf, 1�.

5 r`W Crouzeix-Raviart �� , V
;\I�,!j:M&. ���SUZ, V
La EQrot
1 l`+=,4TB:\#. i_, V
lYI���nxU)7E3� EQrot

1 3�.nxU:�b���℄�+_, ��
Wh =

{

p ∈ L2
0(Ω) : p|K ∈ span{1}, ∀K ∈ Th

}

. (33)E3� EQrot
1 , ��&8$ (11), ��V
le#�_�r��� V h ^L

ah(u−Πhu,vh) = 0 ∀vh ∈ V h, (34)

bh(u−Πhu, qh) = 0 ∀qh ∈ Wh, (35)
∫

K

(u−Πhu)dK = 0 ∀K ∈ Th, (36)i_, Ek+?�r� V h ×Wh I�|�ph|:�n, 
 0 < γ ≤ 1, 97=,4:\#.
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r�� V h "�� K ∈ Th ��\q=
∫

∂K

(u −Πhu)
∂vh

∂n
ds = 0, (37)

∫

K

(u −Πhu)∆vhdK = 0, (38)

∫

∂K

n · (u− Πhu)ds = 0. (39)I� K ∈ Th ���_\�:Jf$, D� (38) �D� (39) (��^L:. QT^LD�
(37), %I�` vh ∈ V h 
^L

∂vh

∂n

∣

∣

∣

l
∈ span{1}, ∀l ∈ Eh. (40)����Q

Vh :=
{

v ∈ L2(Ω) : v|K ∈ span{1, x, y, c1x
2 + c2xy + c3y

2},
∫

l
v|K1

ds =
∫

1 v|K2
ds,

if K1 ∩K2 = l, � ∫

l
v|Kds = 0, if K ∩ ∂Ω = l

}

. (41)=[ c1,c2 p c3 �q4�^LD� (40). ��� y = kx+ b (k > 0) �&���� l ∈ Eh , {�:MgSQ 1√
k2+1

(k,−1). %�
∂
(

c1x
2 + c2xy + c3y2

)

∂n
|l =

1√
k2+1

(

(

k(c1 − c3) + (k2 − 1)c2
)

x+ kc2b− c3b
)

.�-, QT" ∂
(

c1x
2+c2xy+c3y2

)

∂n

∣

∣

l
I�`: x p k "d
� l ∈ Eh �G($-, V
8r�

c1 = c3,c2 = 0. �-��:\�Jf$
Q x2 + y2.7�, V
?�F��\:�b���
Vh :=

{

v ∈ L2(Ω) : v|K ∈ span{1, x, y, x2 + y2},
∫

l
v|K1

ds =
∫

1 v|K2
ds,6K1 ∩K2 = l,� ∫

l
v|Kds = 0, �K ∩ ∂Ω = l

}

, (42){> K,K1,K2 ∈ Th �X V h := V 2
h ,Wh F�� (33). �1,�r��� V h×Wh I 0 < γ ≤ 1�n:=,4TB`+\#, 
�"��nP℄��FG 4.2 F~:!\.

6 o�da� , V
`+�i-4!j1��S:UZ. +J:-45L(�"4R0Onp Ln���: Stokes TB (1).

6.1 Us�Zxk}�℄ 1–4 `+T"4R0On�: Stokes TB� 6 _=,4:�)�A, />V
?�La Crouzeix-Raviart�,EQrot
1 pMi: Crouzeix-Raviart�4?�97=,4�):\#. 5( EQrot

1 ���y97:(=,4:�#.

6.2 Lxk}�℄ 5–8 `+T" L n���: Stokes TB� 6 _=,4:�)�A, />V
?�La Crouzeix-Raviart �, EQrot
1 pMi: Crouzeix-Raviart �4?�97=,4�):\#. 5( Q1 uG�F~��y97:(=,4:�#.
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Mesh 0 1 2 3 Trend

λ1 51.47517 52.11400 52.28577 52.32986 ր

λ2 89.39327 91.41967 91.94577 92.07952 ր

λ3 89.42537 91.42597 91.94724 92.07988 ր

λ4 122.60546 126.74133 127.83564 128.11551 ր

λ5 146.96115 152.31526 153.66996 154.01129 ր

λ6 162.30562 165.80950 166.71938 166.95127 րR 2 Qrot
1 /P0 ~�Us�Zxm

Mesh 8× 8 16× 16 32× 32 64× 64 Trend

λ1 52.25687 52.31237 52.33577 52.34240 ր

λ2 92.65807 92.27314 92.16176 92.13373 ց

λ3 92.65808 92.27314 92.16176 92.13373 ց

λ4 124.90202 127.37868 127.99982 128.15696 ր

λ5 159.05873 155.56771 154.49594 154.21864 ց

λ6 178.12732 169.87177 167.73889 167.20644 ցR 3 EQrot
1 /P0 ~�Us�Zxm

Mesh 8× 8 16× 16 32× 32 64× 64 Trend

λ1 50.62545 51.87664 52.22493 52.31457 ր

λ2 87.83065 90.93951 91.81949 92.04759 ր

λ3 87.83065 90.93951 91.81949 92.04759 ր

λ4 116.57122 124.87392 127.34208 127.99045 ր

λ5 146.04942 151.87176 153.54032 153.97769 ր

λ6 162.33909 165.49138 166.61400 166.92329 րR 4 q_V Crouzeix-Raviart ~�Us�Zxm
Mesh 0 1 2 3 Trend

λ1 51.17659 52.03636 52.26616 52.32494 ր

λ2 88.47842 91.17294 91.88279 92.06369 ր

λ3 88.51147 91.18182 91.88527 92.06434 ր

λ4 120.91279 126.27147 127.71495 128.08514 ր

λ5 144.59254 151.64896 153.49840 153.96809 ր

λ6 159.25087 164.97426 166.50577 166.89756 ր
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Mesh 0 1 2 3 4 Trend

λ1 22.49469 28.15681 30.54221 31.48226 31.85582 ր

λ2 22.92567 32.37163 35.68702 36.64265 36.91235 ր

λ3 28.48313 38.26178 40.98085 41.68270 41.86679 ր

λ4 33.75109 44.18539 47.65948 48.63209 48.89221 ր

λ5 39.47117 48.95585 53.34894 54.77844 55.20802 ր

λ6 40.30679 59.71968 66.39481 68.43863 69.12011 րR 6 Qrot
1 /P0 ~� L xk}m

Mesh 4× 4 8× 8 16× 16 32× 32 Trend

λ1 30.30390 31.26843 31.71998 31.93768 ր

λ2 36.79391 36.93405 36.97253 36.99869 ր

λ3 41.93838 41.98381 41.94029 41.93306 ց

λ4 48.09249 48.74571 48.91546 48.96462 ր

λ5 53.55023 54.65239 55.13238 55.30553 ր

λ6 70.94088 69.58998 69.31962 69.36626 րR 7 EQrot
1 /P0 ~� L xk}m

Mesh 4× 4 8× 8 16× 16 32× 32 Trend

λ1 28.31965 30.66373 31.55838 31.89631 ր

λ2 33.96093 36.09799 36.75346 36.94321 ր

λ3 38.38707 40.91276 41.65899 41.86183 ր

λ4 43.60320 47.31776 48.53394 48.86757 ր

λ5 48.17742 52.87433 54.64897 55.18179 ր

λ6 62.11476 66.77009 68.55979 69.17190 րR 8 q_V Crouzeix-Raviart ~� L xk}m
Mesh 0 1 2 3 4 �'
λ1 21.40172 27.66835 30.39310 31.44233 31.84559 ր

λ2 21.88166 31.67967 35.45192 36.57879 36.89602 ր

λ3 26.72452 37.21625 40.64764 41.59411 41.84428 ր

λ4 31.57611 42.89652 47.25776 48.52563 48.86519 ր

λ5 36.86130 47.49463 52.88224 54.65226 55.17572 ր

λ6 37.17575 57.79266 65.73588 68.25912 69.07409 ր
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Stokes Eigenvalue Approximations from Below With

Nonconforming Mixed Finite Element Methods

LIN Qun1, XIE Hehu1, LUO Fusheng1, LI Yu1, YANG Yidu2

(1. AMSS, Chinese Academy of Sciences, Beijing 100190, China)

(2. SMCS, Guizhou Normal University, Guiyang 550001, China)

Abstract We provide the lower bounds of Stokes eigenvalue by using 4 nonconforming

mixed finite elements: Crouzeix-Raviart ({1, x, y}), Qrot

1 ({1, x, y, x2 − y2}), extension Qrot

1

({1, x, y, x2, y2}) and extension Crouzeix-Raviart ({1, x, y, x2 + y2}). We find a suitable theo-

retical framework which makes the proof unified and surprisingly short, with a few steps only!

Some numerical results are used to confirm the theoretical convergence results.

Keywords Stokes eigenvalue problem, approximation from below, nonconforming mixed

finite element.


