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conservation law. It is shown that the averaged energy increases linearly with respect
to the evolution of time and the flow of stochastic Maxwell equations with additive
noise preserves the divergence in the sense of expectation. Moreover, we propose three
novel stochastic multi-symplectic methods to discretize stochastic Maxwell equations in

'S(fﬂﬁfc Maxwell equations order to investigate the preservation of these properties numerically. We make theoretical
Stochastic Hamiltonian partial differential discussions and comparisons on all of the three methods to observe that all of them
equations preserve the corresponding discrete version of the averaged divergence. Meanwhile, we
Dissipative property of averaged energy obtain the corresponding dissipative property of the discrete averaged energy satisfied
Conservation law of averaged divergence by each method. Especially, the evolution rates of the averaged energies for all of the

Stochastic multi-symplectic method three methods are derived which are in accordance with the continuous case. Numerical

experiments are performed to verify our theoretical results.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In modeling of physical phenomena, stochastic differential equations are required to quantify the effects of randomness
on the mathematical model. Taking the context of electromagnetism as an example, to model precise microscopic origins
of randomness (the thermal motion of electrically charged microparticles), [12] established the theory of fluctuations of an
electromagnetic field, which at the level of macroscopic view was via introducing fluctuation sources to obtain stochastic
Maxwell equations. Based on this model, [14] proposed a method based on Wiener chaos expansion to determine the near
field thermal radiation, and [10] described the fluctuation of the electromagnetic field using spectral representation. Without
modeling the precise origins of randomness, rather assume that they lead to small stochastic variations of the coefficients of
the equations, [7] studied the propagation of ultra-short solitons in a cubic nonlinear media, which is modeled by nonlinear
Maxwell equations with stochastic variations of media; and assume that the externally imposed source is a random field,
which is expressed by a Q-Wiener process, [4,9,11] dealt with the mathematical analysis of stochastic problems arising in the
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theory of electromagnetic in complex media, including well posedness, controllability and homogenization. The stochastic
model considered in this paper is based on [11, Chapter 12] for the isotropic homogeneous medium with an external source.

Recently, the stochastic multi-symplectic structure for three dimensional (3-D) stochastic Maxwell equations with addi-
tive noise was proposed in [2], based on the stochastic version of variational principle, which means that stochastic Maxwell
equations are a system of stochastic Hamiltonian partial differential equations (PDEs). It has been widely recognized that the
structure-preserving numerical methods have the remarkable superiority to conventional numerical methods when applied
to Hamiltonian ODEs and PDEs, such as long-term behavior, structure-preserving, physical properties-preserving (energy,
divergence, charge) etc.; see [6] and the references therein. Efforts have been devoted to the stochastic case. For example,
authors in [5] established the theory for the stochastic multi-symplectic conservation law for the stochastic Hamiltonian
PDEs and investigated a stochastic multi-symplectic method for stochastic nonlinear Schrodinger equation. Also a stochastic
multi-symplectic wavelet collocation method was proposed in [3] to approximate stochastic Maxwell equations with a class
of multiplicative noise, while [2] proposed another stochastic multi-symplectic method based on the stochastic variational
principle.

Different from the approach of reference [2], we use a direct way to represent the stochastic Maxwell equations as
another system of stochastic Hamiltonian PDEs, which avoids introducing extra variables and leads to cost efficiency. As a
result, the stochastic Maxwell equations preserve the stochastic multi-symplectic conservation law almost surely. Meanwhile,
we show that the averaged energy increases linearly as the growth of time, with the rate being K = 3()% + A%)Tr(Q). Here
A1 and Ay represents the levels of noise, and Tr(Q) denotes the trace of operator Q. It means that the growth rate depends
on the scale of noises and the trace of covariance operator only. This dissipative property of averaged energy may be
due to the existence of external source. For the divergence, it is proved that the flow of stochastic Maxwell equations
preserves the divergence in the sense of expectation. It means that electric flux and magnetic flux are preserved in Gaussian
random fields in the statistical sense. In this paper, we propose three numerical methods to discretize stochastic Maxwell
equations with additive noise in order to investigate the preservation of these physical properties numerically. Method-I is
based on the application of implicit midpoint method in both temporal and spatial directions to the equivalent stochastic
Hamiltonian PDEs, while Method-II being a three-layer method is constructed by central difference in both temporal and
spatial directions, which exhibits the grid staggering property of electromagnetism. We utilize central difference in spatial
direction and implicit midpoint method in temporal direction to obtain Method-IIl. We demonstrate that all of the three
numerical methods preserve the corresponding discrete versions of multi-symplectic conservation law. Another aim of this
paper is to investigate the numerical preservation of some important physical quantities including energy and divergence
by numerical methods. For the energy, we obtain the corresponding dissipative property of the discrete averaged energy
satisfied by each method. Furthermore, utilizing the adaptedness of solutions to stochastic Maxwell equations and properties
of Wiener process, we estimate the dissipative rates with respect to time for three methods in our consideration, and we
show that the discrete averaged energies evolute at most linearly with respect to time under certain assumptions. As for
divergence, we show that all of the three methods preserve the discrete conservation law of averaged divergence well, as
shown theoretically in Theorems 3.4, 3.8 and 3.12. Finally, numerical experiments are performed to validate the theoretical
results.

The outline of this paper is as follows. In section 2 we present some preliminaries about stochastic Maxwell equations,
including theorems about the evolution of energy and divergence, and the intrinsic stochastic multi-symplectic structure.
Section 3 is devoted to the comparison and analysis of three stochastic multi-symplectic numerical methods in the aspect
of averaged energy and averaged divergence. Numerical experiments for stochastic Maxwell equations with additive noise
are performed in section 4 to verify our theoretical results. Finally, concluding remarks are given in Section 5.

In the sequels, we let e = (1,1, 1T and denote by <, - >2 the L%(®) inner product, by < -, - > the Euclidean inner
product, by |- | the Euclidean norm, and by £ the expectation.

2. Stochastic Maxwell equations with additive noise

It is of interest to study phenomena where the densities of the electric and magnetic currents are assumed to be stochas-
tic. These can be modeled by the following 3-D stochastic Maxwell equations with additive noise

=V xH-1ex in (0,T) x O,

é o (2.1)
M — _VxE+Aex in (0,T) x O,
with initial conditions
E(0,x,y,2) = (E1y, Ezy, E3y) in O,
H(07X7 %Z):(HIO,HZW H30) in ®’ (22)

and perfectly electric conducting (PEC) boundary conditions

Exn=0 on (0,T]xd0, (2.3)
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where T > 0, © is a bounded and simply connected domain in R with smooth boundary 8©, n represents the unit outward
normal of 30, and Aq, Ay are real numbers representing the scales of noise. It is convenient at this point to give a precise
mathematical definition of x.

Hereafter, let W be a Q-Wiener process defined on a given probability space (2, F, P), with values in the Hilbert space
L%(®), which is a space of square integrable real-valued functions. Let {e;;}men be an orthonormal basis of L2(®©) consisting
of eigenvectors of a symmetric, nonnegative and finite trace operator Q, i.e., Tr(Q) < oo and Q e;; = Nmem. Then there exists
a sequence of independent real-valued Brownian motions {8mn}men Such that

o0
W(t,x,y,z,w) = Z mem(X, ¥, 2)Bm(t, ), t>0,(x,y,2) €O, we Q. (2.4)

m=1
. _ dw
And formally set x = 5.
Remark 1. The expansion formula (2.4) of Q-Wiener process W (t,x, y, z, ®) is based on the orthonormal basis of L?(®),
which separates the variables (x, y,z) and (t, w) apart. We note that the well known Wiener chaos expansion (WCE) sep-
arates the variable w apart from other temporal or spacial variables, and if we apply WCE to the sequence of Brownian

motions {Bm(t, ®)}men, We may also use WCE method to approximate the original equations (2.1); see [1] for more details
about Wiener chaos expansion.

We refer interested readers to [9] for the well-posedness of problem (2.1). The authors present some results on stochastic
integrodifferential equations in Hilbert spaces, motivated from and applied to problems arising from the mathematical
modeling of electromagnetics fields in complex random media. They examine the mild, strong and classical well-posedness
for Cauchy problem of the integrodifferential equation which describes Maxwell equations complemented with the general
linear constitutive relations describing such media, with either additive or multiplicative noise.

2.1. Dissipative property of averaged energy

In this subsection, we consider the property of averaged energy for system (2.1). The following theorem shows that the
averaged energy evolutes linearly with respect to time t and with a growth rate K = 3()»% + A%)Tr(Q), here Tr(Q) denotes
the trace of operate Q, i.e, Tr(Q)= ) < Qem,ém>;2= ) Nm-

meN meN

Theorem 2.1. Let E and H be the solutions of the equations (2.1)-(2.3). Then for t € [0, T}, there exists a constant K = 3()»% + A%)Tr(Q)
such that the averaged energy satisfies the following dissipative property

E(DU(1)) = E(P™Y(0)) + Kt, (2.5)
where & (¢) = [ (|E(t) | + [H()|*)dxdydz.

Proof. We write (2.1) into

dE=V x Hdt — AedW,
dH = —V x Edt + AzedW.

Let

F1(E(t)) = / |E(t)|’dxdydz and Fy(H(t)) = f IH(t)|?dxdydz.
® ®

Since F1 and F; are Fréchet derivable, the derivatives of F; along direction ¢ or (¢, ) are as follows,

DF;(E)(¢) =2 / <E.¢ > dxdydz.
@

D?F{(E)(p, ) = 2/ <, ¢ > dxdydz. (2.6)
®

Applying the infinite dimensional It6 formula to Fq(E), we have
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t
F1(E(t))=Fl(E(O))+/DF1(E(S))(—MedW(S))
0

t
‘l 1
+/ {Dpl (E)(V x H(s)) + ETr[Dzﬂ (E(s))(—MeQ7)(—MeQ%)*]}d5-
0

Substitute (2.6) into (2.7) leads to

t
F1(E(t)) = F1(E(0)) + 2// < E(s), —redW (s) > dxdydz
0 ©

t
+ // {2 < E(s), V x H(s)> +3}L% Z nmerzn(x, v, z)}dxdydzds.
0 e meN

Similarly, we apply Itd formula to function F,(H(t)) and obtain

t
Fo(H(t)) = F2(H(0)) + 2// < H(s), AoedW (s) > dxdydz
0 ©

t
+ // {2 <H(s),—V x E(s)> + BA% Z nme,zn(x, v, z)}dxdydzds.
0 ©

meN

Summing (2.8) and (2.9) leads to

F1(E(t)) + F2(H(t)) = F1(E(0)) + F2(H(0))
t

+2// ( < H(s), AxedW (s) > — < E(s), L1edW (s) > )dxdydz
0 ®

€]
t
+ 2/[ ( <H(s), =V x E(s) > + < E(s), V x H(s) > )dxdydzds
06

(@)
t

+3(A% —H»%)// Z nmezm(x,y,z)dxdydzds.
0 ® meN

Using the Green formula and PEC boundary conditions, we get

t

(a):—Zf/(ExH)-ndes:O.

0 90
Hence, there exists a constant K = 3(A +A3)Tr(Q), such that

F1(E(t)) + F2(H(t)) = F1(E(0)) + F2(H(0)) + Kt
t

+ 2// ( < H(s), AxedW (s) > — < E(s), L1edW (s) > )dxdydz.
0 ®

The assertion follows from applying expectation on equation (2.10). O

503

(2.10)
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2.2. Conservation law of averaged divergence

As is well known that the electric field and magnetic field are divergence-free if the media is lossless in deterministic
case. The following theorem shows that for stochastic Maxwell equations with additive noise (2.1) the electric field and
magnetic field are still divergence-free, but in the sense of expectation. In the following, assume that (U, < -,- >y, | - llu)
and (V,<-,->vy, | -|lv) are two separable Hilbert spaces, and denote HS(U, V) the space of all Hilbert-Schmidt operators
from U to V. The norm is defined by

1
2
1QUksw.y) = (D 1Qfmllvz)’, ¥ Q eHsSU, V),
m
with {fim}men being an orthonormal basis of U.

Theorem 2.2. Assume that Q% € HS(L2(®), H'(©)) with H(®) being the Sobolev space. Then system (2.1) preserves the averaged
divergence, i.e.,

E(div(E(t))) = &(div(E(0))), &(div(H(t))) = &(div(H(0))). (2.11)

Proof. Let
0E1 0E, OEs3
ax + y + 9z

Since G is Fréchet derivable, the derivatives of G along direction ¢ or (¢, ¥) are as follows,

G(E)=divE=

DG(E)(p) =divey, DZG(E)(go,w):O. (212)
Applying the infinite dimensional It formula to G(E), we have
t t
G(E(t))=G(E(O))+/DG(E(5))(—A1edW)—i—/DG(E(s))(V x H(s))ds. (2.13)
0 0

Substituting (2.12) into (2.13) and keeping in mind a fact div(V x Y) =0, VY: R" — R", we get
t
G(E(t)) = G(E(0)) + / DG(E(s))(—A1edW). (214)
0

The first assertion in (2.11) follows from taking the expectation on both sides of (2.14).
Analogously, we can get the second assertion in (2.11), by applying It6 formula to function divH. O

2.3. Stochastic multi-symplectic conservation law

In this paper, we use a direct way to rewrite equation (2.1) into the form of stochastic Hamiltonian PDEs. Obviously,
the direct approach may avoid introducing extra variables; see [2] for another approach based on the stochastic version of
variational principle to rewrite equation (2.1). By denoting Z = (H1, Ha, H3, E1, E2, E3)T, we have

Md; Z + K1 Zdt + Ko Zyydt + K3Z,dt = V7S1(Z)dt + V752(Z) o dW, (2.15)

where o in the second term of the right-hand side of (2.15) denotes Stratonovich sense of integral, and skew-symmetric
matrices M, K1, K», K3 are given by

(0 —I33 (2, O© B
1\/1_(13X3 o ),Kp_(O _@p>,Vp_1,2,3, (2.16)

with 343 being the identity matrix and

00 O 0 0 1 0 -1 0

=00 -1 2=10 00|, =1 0 0], (217)
01 O -1 0 O 0 0 O

S1(Z) =0, S2(Z) =A(Hy + Hz + H3) — A (E1 + E2 + E3). (2.18)

Similar as the proof of [5, Theorem 2.2], we have the following theorem.
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Theorem 2.3. The stochastic Hamiltonian PDEs (2.15) possess the stochastic multi-symplectic conservative law locally

dew + Oxk1dt + dykodt 4 9,k3dt =0, a.s.

ie.,
y1 X1 79 y1 t1 21
///a)(ﬁ,x,y,z)dxdydz—i—///m(t,m,y,z)dtdydz
Yo Xo 2o Yo to 2o
X1 t1 z1 X1 t1 Y1
+///K2(t, x,y1,z)dtdxdz+///Kg(t,x,y,z1)dtdxdy
Xo to 2o X0 to Yo
Y1 X1 21 yiti h
:///w(to,x,y,z)dxdydz+///m(t,xo,y,z)dtdydz
Yo X0 20 Yo to 2o
X1 t1 z1 X1 t1 Y1
+///K2(t, X, yo,z)dtdxdz+///Kg(t,x,y,zo)dtdxdy,
X0 to 2o X0 to Yo

where w(t,x,y,z) = +dZ A MdZ, Kkp(t,x,y,2) = ldz A KpdZ (p =1, 2, 3) are the differential 2-forms associated with the skew-
symmetric matrices M and K, respectively, and (to, t1) x (xo,X1) X (Yo, Y1) X (20, z1) is the local definition domain of Z(t, x, y, z).

3. Stochastic multi-symplectic methods

In this section we mainly focus on the analysis of three stochastic multi-symplectic methods for the stochastic Maxwell
equations (2.1), including the dissipative property of the discrete averaged energy and the conservative property of the
discrete averaged divergence.

Let Ax, Ay and Az be the mesh sizes along x, y and z directions, respectively, and At be the time step length. The
temporal-spatial domain we are interested in the following sections is [0, T] x ® :=[0, T] x [x;,xr] X [y1, Yr] X [2z1, zr].
It is partitioned by parallel lines, where t, =nAt and x; =x, +iAx, yj=yL + jAy, zx=2z, +kAz forn=0,1,--- ,N and
i=0,1,---,I; j=0,1,---,J; k=0,1,---, K. The grid point function sz.k is the approximation of Z(t, x, y,z) at node
(tn, Xi, ¥, z). The general difference operators are employed by: '

n+1 _ n n+l _ n-—1
n _ Tk i,j.k S on _ Tk i,j.k
8tzi,j,l( - At ’ stzl',j,k - 2AL ’
n n n n
5.7 _ Zi+],j,k - Zi,j,k S Zn _ Zi+1,j,k - Zi—l,j,k 39
X&i ik — AX ’ X&ijk — 2AX . ( . )

The same definitions hold for operators 8y, §y 87, 5.
3.1. Method-1
Method-I is derived by applying the implicit midpoint method both in spatial and temporal directions to the equations

(2.15), similarly as the approach in [2], but for the different form of stochastic Hamiltonian PDEs for equations (2.1). It is
stated as follows

M6 Z" 4 K82 4Ky, 2" 4 Ka8,2"
i b 3 T IO G e 1T 2OV S 1 e L T 3028 L Lk
n+1 .
—V,S,(Z" 2 no 3.2
z52( i+%,j+%,k+%)(x)"]’k 52)

with M, K, (p=1,2,3) and S are given by (2.16)-(2.18), and

1 1
n+y n+1 n+1 n n
ik = 3Gkt gt 2t Zig-
" o ney e n+} m+ mi
Terms Z" |, ., .Z. % V2o 2  Z f. . and Z '} , etal, are defined similarly.
ity jtg.ktg’ i jh gkt g kg it Lkt itg,gk itg,j+5.k
As we stated before ¥ may formally be considered as the temporal derivative of the Q-Wiener process, i.e.,, x = dd—v‘[’. In

the numerical experiments in Section 4, we calculate ( )()‘11 jk s follows
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n+1 n
(AW)I j,k W1 R Wl ik
At At ’

where (AW)?]. , means the temporal increment of Wiener process and ij  means W (tn, Xi, ¥ j, Zk)-

This method preserves the following discrete version of stochastic multi-sﬂlmplectic conservation law; the proof is similar
as [2, Theorem 3].

(X)l gkt

Theorem 3.1. The method (3.2) satisfies the discrete stochastic multi-symplectic conservation law a.s.,

1 1
n+1 n n+; n+;
R . — @, . . . — ..
rharhiey ~ Cdariiry O TV ey
At Ax
(k)" — (2! + (c2)y (k)"
Yipd ks 2 1k+1 3 ;+ Jert — i ] gl
+ + =0,
Ay Az

where

_ A7n+1 _ —
of [ =dZITIAMAZ] o ()t =dZ AKpdZ] p=1,2,3.

We will present the discrete dissipative property of the discrete energy for Method-I in the following theorem.

Theorem 3.2. Assume that E" ., and H?j . are solutions of numerical method (3.2), then under the periodic boundary condition the

i,j.k
discrete energy satisfies the following dissipative property
[n — ol
o(tyy1) =@ (tn)—l—ZAxAyAzZ( et et ey AW ) (3.3)
1
where
[n — 2
P (t) = AxAyAzZ |Ez+ J+3 k+1| + i+3.0+3. k+1| ).
i,j.k
and
n+% o ( n+z n+% )
i+ 1kt ] =% (H])i+%,1+2 k+1 +(H2)1+ JHLk+d +H 3)z+%,j+%,k+%
B n+3 +1 n+3 )
m(ED]TS gy FEDTE L ETT L), (3.4)

Proof. We may rewrite method (3.2) into the componentwise form of E and H,

n+2

BBV, ) (o1 gy =Dy (HD[ k+§—52(H2)7:2]+1I OO ke (3.52)
Se(ED] ) (1 az(Hl)+ Cenm S = RGO e (3.5b)
BES)] (1 py = Ox(H z)fjjl eyy ~Ov(H 1>7j2]k+ — GO} (35¢)
SeCHOT ) (1 az(Ezijf j+%,k—6y(53)fjfjk+%+A2(>'<);{j,k, (3.5d)
SeCHDT oy 5x(£3):1—]:21k+ —azusl)”jz FEPRREICoL (35¢)
SeCHS) ) (4 r = 8y(£1)?:§ e ax(Ez)f‘jjl ey FR00T (350)
Multiplying both sides of each equality from (3.5a) to (3.5f) with
AtAxAyAz(EﬂJr j+1 H],AtAxAyAz(Ez)Jr +1H],AtAxAyAz(Eg)?r%%H%,H%,
AtAxAyAz(H1)+ i k+1,AtAxAyAz(H2)?+f +%J<+%,AtAxAyAz(HQ?i%%,H%,H%, (3.6)
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respectively, summing all terms in the above equations over all spatial indices i, j, k, it yields

ol (tns1) = o (tn) + 7 + 2, (3.7)
where
_ n+3 n+3 n+3 ] n
o = 2A1AxAyAzZ;< [(El)i+%,j+%,k+% + (EZ)H%,H%,H% + (E3)i+%.j+%,k+% (AW jik
i.J.
n+3% n+3 n+3 ] n
+ZAZAXAyAZZ%[(Hl)i+%,j+%,k+% + (HZ)H%,H%,H% + (H3)i+%,j+%,k+% (AW)ijke
ij.

And 4 represents the corresponding algebraic formula of the first two terms on the right-hand sides of (3.5a) to (3.5f)
and the above six terms (3.6). We could show that % = 0 using the periodic boundary condition. Thus (3.7) leads to the
assertion of this theorem. O

Specially, we could obtain the estimate of the discrete averaged energy in the case that W only depends on time. The
evolution relationship for averaged energy coincides with the continuous case when W only depends on time.

Theorem 3.3.If W = W (t, w) : [0, T] x © — R is a Brownian motion, then there exists a constant K = 3()»% + A§)|(~)| such that
& @ tn) = (@M t0)) + Ky, (3.8)

where |®| denotes the volume of domain ©.

Proof. From the expressions (3.3) and (3.4), we present the analysis of one term as an example, as the other terms can be
dealt similarly.

2)\2AxAyAzZ5((H1)"7:§j+%’k+%Awn)
i,j.k
- ZAZAxAyAz;é"[(HQL%,H%’H% + %((HQ?E’H%’H% - (Hl)?+%,j+%’k+%)]AWn. (3.9)
i,j.k
Here AW, = W (tn+1) — W (tp). Utilizing the properties of the increment of Wiener process leads to
é”((H])?Jr%,H%,H%AWH) =0.
And substituting the equation (3.5d) into ((Hl)?ﬁ,ﬁ%,k% — (H1)?+%’j+%’k+%) in (3.9) and using the periodic boundary

condition, we obtain

41
20y AXAYA (H "
2AXAY Zl;{éd( l)i+%,j+%,k+%

AWn) =2[®|AL.
Similar results hold for others terms. Thus, we get

&(@W(tn1)) = (@M (tn) +30: +23)10]AL,
which proves the theorem. O

In order to show that Method-I preserves the discrete version of the averaged divergence, we may need the definition of
discrete divergence operator at point (x;, ¥, zx), which is given as follows; see [13] for the analysis of deterministic case.

o
vl B | =6« +68,8 +6 | (3.10)
i,j.k Z X1 jal gkl TOyPial 1l TOzVigl il g1 :
14
where
T e T G ¥ W I Ry o T NS R T T G e S I g B
Bt jdart =Pt jturd Ay j-tid FA1 it a1 TPl -1kt

Vied jedh-d = Ve bae-d TVipdj- bt TVl -t T Vic L b1

The following theorem shows that Method-I preserves the discrete version of averaged divergence.
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Theorem 3.4. The numerical discretization (3.5) to equations (2.1) preserves the following discrete averaged divergence, i.e.,

g(@i[ll En-H) g(v[”

M), e(9 ) = (9 ar). (3.11)

i,j.k

Proof. The proof of the two assertions are similar, so here we only present that for electric field E. By the definition (3.10),
we have

AUl n+1 _ olll n n
Viik B = Vi B = At[‘SX‘Sf(El) L k] +5y5f(E2)i1 j %,ki%+8Z§t(E3)i:l:%,j:t%,k—%]

Utilizing the method (3.5a)-(3.5c) to replace the temporal difference expressions of E1, E; and E3 in the above equation
leads to
Ul gl

n+%
_Atgxl:gy(l-h) 1 az(HZ)._l i l (k—l)il:l
) 2 2

i,j.k ijk” (] DEI kD
+ Atsy[8:(H)] — 8x(H )n+2 |
y[ o= :tlj S IR G IES WA NS
+ AL 8:(H2), 8y (H)' 2 |
z[OxiH2 1):!:; b=t T OV i oyl 1

+ term(b),

where

term(b) = —A18x(AW)" 1 — Ay (AW)

i—1.(-pE5.(=5)*3 (-DEdj-1.k-Hx]

- M‘SZ(AW)(:'—%)i%,(j—%)i%,k—l’

n — n
with (AW)! LG Dt b = (AW)L 4 i1k

defined in the same way. Utilizing similar approach as in deterministic case (see [13]), we could show that the left hand
side of the above formula equals to term(b). By the property of Wiener process, we have

+ (AW

ket t (AW)?—I,jfl,k—l + (AW)?fl.j,k and other terms being

g(v“l.

i,j.k

Bl E") - @@(term(b)) —o. (3.12)
Thus the proof is completed. O
3.2. Method-II

As is well known, for the numerical simulation of deterministic Maxwell equations, Yee’s method is the basis of the
highly popular CEM numerical methods known as the finite-difference time-domain (FDTD) methods (see the original work
[15]). It is constructed by central difference in both spatial and temporal directions based on a half-step staggered grid. With
the difference operators defined in (3.1), we generalize an equivalent form of Yee’s method [8] to discretize the stochastic
Maxwell equations (2.1) as follows:

S (V)] =Sy (H3)] = S2(H2)] ;o = M ()?)?ﬂ, (3.13a)
Se(E)} j o = 82(HD} g = S (H3) = M GO} (3.13b)
Se(E3)] i = 8x(H2)} 14 = By(HOF = M GO (3.130)
Se(HDY o= =8y (E)T j o+ 8(E)T j o + 2 GO L (3.13d)
Se(H jj = =82(ED} j o+ 8x(E) 4 + 2G0T (3.13e)
Se(H3) o = =8x(E2)} j o+ 8y (D} 1+ 22007 1) (313f)
where
()?)??L:—ﬁ']; Wik
2> At

Clearly, the above method conserves the following discrete version of stochastic multi-symplectic conservation law.
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Theorem 3.5. Method (3.13) possesses the discrete stochastic multi-symplectic conservation law a.s.,

n+3 n—3% PRl — ()" 1) — o) )" — (k)"
@i jk @ik +( Viesin ~ KV +( 2ijedie ™ €1 +( ijaery i o
At Ax Ay Az ’
where
W Zdz A MdZM (k)" —dZ"., A KidZ"
ik =440k i,J.k Vip1 ji = i N2 i0 e
n _ n n n __gq7n n
(KZ)i,j-&-%,k = dZi,j.k A szZ,-,jJrLk, (K3)i,j,k+% _dZi,j,k A K3dZi,j,k+1'

Also, we will consider the properties of the discrete averaged energy and the discrete averaged divergence in the follow-
ing contents.

Theorem 3.6. Assume that E} ik and H} jkare solutions of numerical method (3.13), then under the periodic boundary condition the
discrete energy satisfies

oM (ty1) = 2 (t) + AxAYAZY (T{jj,k(wi’jﬁ - W;j;,l)), (314)

i,j.k
where

1
O (tr41) = AxAyAz Y [<EITLEL >+ <HITLHY > |

i,j.k
and

=22 ((HD e+ )l e+ (HY ) = 2 (EDI e+ Bl e+ (B ).

Proof. Multiplying both sides of each equation from (3.13a) to (3.13f) with
ZAtAxAyAz(El)?,j’k, ZAtAxAyAz(Ez)?’j!k, 2AtAxAyAz(E3)?’j!k,
ZAtAxAyAz(Hl)’;’jyk, ZAtAxAyAz(HZ)’;JVk, ZAtAxAyAz(Hg,)’;!jyk,

respectively. The proof is finished by summing all terms in over all spatial indices i, j, k together, and using the periodic

boundary condition. O

Moreover, we have the following estimation for the discrete averaged energy.
Theorem 3.7. There exists a constant K = 3(12 + 22)V ¢ (©) such that

é“((b["] (tn)) - g(@“’] (to)) + Rt (3.15)

Proof. We need to estimate each term in AXAyAz}~; ; £<Tl?1_j k(W?}'}{ - Wl”j_i)) For the first term we have

J2AXAYAZY é"[(Hl)” (wn! w."—l)] SYINININD D g[(H1)ﬁj’k(AW)”_l]

i,j.k i,j.k i,j.k i,j.k
ik ijk
- AzAxAyAzZé”[((Hﬂ?’j’k — (Hl);{;@(AW);{;}{]
i,j.k
=)aAXAYAZY &1 = Aty (E3)! | + A6 (D)} | + AW — WD) [(AW)])
=A2 y y E3)i ik 2(E2)i jp T A2WW ik i,j.k i,j.k
i,j.k
2 -2 -1
- AzAxAyAzZéa{(W?’j’k ~WEH W~ W{fj’k)}
i,j.k
2 —-1\2 217
:AzAxAyAzZé@{(W,-’ijk— with }:AZVQ(G)At

i,j.k
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where V2(0) = AxAyAz > ik >om nm62 (i, ¥j, z¢). Here we mainly use the independent properties of Wiener increments.
Because other terms could be estimated similarly, we finish the proof by noting that K= 3()»2 + X )VQ(O) O

Note that the constant V ¢ (®) here may be regarded as the approximation of Tr(Q), i.e.,

ve¢(@)~ an/ezm(x, Y. 2)dxdydz =" nm=Tr(Q).
m ® m

Furthermore, the method (3.13) preserves the following discrete averaged divergence.

Theorem 3.8. The method (3.13) preserves the following discrete averaged divergence

Sl g3 _ ol
£(VE ) =6(9 El]k
S(FM . g2 = (S g (3.16)
ik ij, k :
where VI = (5, 8,,8,)7.
The proof of this theorem is similar to that of Theorem 3.4, so we omit it here.

3.3. Method-III

We use the central finite difference in spatial direction and implicit midpoint method in temporal direction, then we
refer to this particular discretization as Method-III (see [13] for deterministic case)

n+
M5 Z} ]k—i—K](SX ]k +K28y ”Jﬁ + K368,Z z]k VZSZ(Z1 ]k)(X)I ik (3.17)
It is shown that method (3.17) preserves the stochastic multi-symplectic conservation law.

Theorem 3.9. The method (3.17) satisﬁes the discrete stochastic multi-symplectic conservation law a.s.,

(k3)"

ntl n+l
n+1 2 2
wi,jk a)”k (Kl)hL ik (K1)i7%,j,k (KZ)l]Jr k (KZ)i,jf%,k (K3)1]k+1
+ +

At AX Ay Az

l]k]

=0, (3.18)

where

n+%

n—}—2 n+2
=dz, i+1,j,k’

n+1 n+1 n+1
W' =dz" 1 AMdz O ’ Pl

1]k_ i,j.k i,j,k’ A KidZ

1
—dZ"7 A KpdZ" e ()2 =dZ]

=A%k AK3dZ)

k+1 i ]k i ]I<+l

Proof. We take differential in the phase space on both sides of (3.17) to obtain

n+%

28xAyAZMAZ]} — dz?jk)+AtAyAz1<1(dz,.+”k dz

i,j.k l]]k)

n+2

+ AtAXAZK>(dZ) ik — 92 k1)

u+1 k dZ,] 1k)+AtAXAyK3(dZ

n+2

=20XAYAZV2S)(Z] |} )le g

(AW)! .

Then taking dZ Z = (dZ"'H +dz?! ) and performing wedge product with the above equation yields

i,j.k ijk

AXAyAz@Z]TE A MdZ?j}< dz};  AMdZ] ;)
+AtAYAZ(@dZ] [} A 1<1dzf++fj ; —dzl"j,f AKdZ] g i
—i—AtAxAz(dZ”k NK2dZ) (2 ;+1 } dZ,]k A KpdZ] |2 1k)
+AtAXAY(AZ] [} AK3dZy 7 dz,”j,i AK3dZ] 7))

=0.

Thus we finish the proof by denoting the definitions of discrete differential 2-forms. O
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We also rewrite (3.17) into the component form of E and H as follows:

St (B! 1= By (Ha)! 2 = 8,(H)! T2 =3 GOl (3.19a)
S (B! 1 = a2 = Bu(H)! = 1G0T (3:19b)
e (E)! 1= x(H)} T2 = By (HD! T2 =3 GOl o (3.190)
Se(HD! = —By(Ex) 2 + 6Z(Ez>7ﬁ + 2G04 (3.19d)
Se(H2) ) = 52(51), ik +3x(E3), ik +?»2()'()',-1,jyk, (3.19)
Se(H3)! = BBl 2 4 8, (B2 00 G004 (3:190

The following theorem states the dissipative property for the discrete energy of Method-III.

Theorem 3.10. Assume that E] . ik and Hl jk are solutions of numerical method (3.19), then under the periodic boundary condition,
the discrete energy satisfies the following dissipative property

oM (ty41) = M () + 28xAy A2 ( T (AW)I 5 k) (3.20)
i,j.k
where
M (ty) =AxAyAzY " (1}, 1P+ H, 12),
i,j.k
and
41 1 1
I = o (]G T+ ) ) (BTG + B+ ). (321)

The proof is similar to that of Theorem 3.2, so we omit it here.
In the following theorem we give an estimation about the evolution of the discrete averaged energy.

Theorem 3.11. There exists a constant K > 0 such that
g(cp“’” (tn)> - g(cp“’” (to)) < Kty. (3.22)

Proof. The estimate of each term in the second term on the right-hand side of (3.20) is similar, so here we present estimates
of terms related with Hy and E; as examples.

Using the identity 2" = 2q" + (a™*t1 — "), the independent property of Wiener increment and (3.19d), we get

é’{ZAZAxAyAzZ(HQI Caw; k}
i,j.k

= g[AZAxAyAzZ [((H)'ﬂﬂ - (Hl)?,j,k>:|(AW)?,j,k}
ij.k

41
ﬁ{szxAyAzZ[ (( 2)11k+l (E2); 5 4)

EDME L ED™E ) W) Jaw)
T oAy Wik 3ij-1k 2 i,j.k i.j.k

4+l 41
- g{xz AxAyAZY [ — ALED] | 5 (AW + ALES)] L 28y (AW | + Ao ((AW)E ) ]}
i,j.k
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where we are benefit from the periodic boundary condition. By Young’s inequality, we may obtain

é’{ZKZAXAyAZZ(HQ,]k(AW)Uk]

i,j.k
1 + +
ggAtzAxAyAzé"[Z (53):‘],2; +> (Ez)'fjf< ]
ijk ijk
3 = 2
+SAALAXAYAZY Y i (Scem (i, ¥ 20)
ijk m
3 _ —
+ EA%AtAxAyAzZZ Mm(8yem(Xi, ¥, zk))2 +23V¢(@)At, (3.23)
ijk m

where V2 (0) := AXAyAz ik em nmeZ (Xi, ¥}, z). Similarly, for term related with Eq, we have

f =2 axayazy ()] Jk(AW)uk]
i,j.k

= - rmaxayazacy] [ - (Hg)l]kay(AW)l],<+(H2)”,<52(AW),]k a(awi; )’
i,j.k

—

6AtzAxAyAz@@[X: (H3),]k +Z (Hl)z]k ]
ijk ijk

3 -
+ EA%AtAxAyAz DO n(Syemi, yj, Zk))2
ijk m

3 B, 2
+ zk%AtAxAyAzZZ Mm(8zem(xi, ¥, 2))” + 21V ¢(®)AL. (3.24)
ijk m
Therefore, by denoting
- = = 2 3 2 3 2
Ve (o) :=vQ(@)+AxAyAzZan((sxem(xi,yj,zk)) + (Syem (i, ¥j,200)” + (Szem (xi, ¥, 21)) )
ijk m

we have
1
g’(cb["” (th)) 55(@“’” (tn)) + A8 ( (i (tn+1)) +302 +2H72@)AL.

By Gronwall inequality, there exist constants At* and K := I((VQ(®),A1,A2,T) such that for At < At*, we have
(g’(cplllll (fn)> <K,¥n=0,1,---,N. Combing this boundedness together with (3.25), there exists another constant K :=
K(V2(®), A1, 22, T) such that

£(@Men) - &(@Mt0)) < R

Thus the proof is finished. O

Note that the notation V2 (®) is an approximation of ||Q ”HS(LZ(()) Hi@) |

Ve@©) ~)  m / (lem(x. v, 21 +Ven(x. . 2 )dxdydz = 1Q 2 52 e 410y
m
®

while ‘_/Q (@) Zm Nm = Tr(Q) - ” Q 2 ”HS(LZ(G)) 12(0))"

Remark 2. If W =W (t,w):[0,T] x Q — R is a Brownian motion, the same as Theorem 3.3, we have
£(@M(en)) =& (@M t0)) + K,

with K =322 +12)(6].
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Define VI = (8,,8,,5,)", then Method-1II can preserve the following discrete averaged divergence. The proof is similar
to that of Theorem 3.4.

Theorem 3.12. The numerical discretization (3.19) to stochastic Maxwell equations (2.1) preserves the following discrete averaged
divergence

(Sl g1\ _ o Sl gn
(VIm gL ) =& (VI B ),

@@(@[m] H:zﬂ() — @@(ﬁ[lll] 'H?,j,k>- (3.25)

We may conclude that all of the three numerical methods are shown to be stochastic multi-symplectic and preserve the
conservation law of the corresponding version of discrete averaged divergence. For the continuous problem, we prove that
the averaged energy evolutes linearly with respect to time, while each method in our consideration preserves this property
to certain level. We show that this linear growth property is preserved well by Method-II, whereas Method-I and Method-III
conserve this property in the case that the noise only depends on temporal variable. Moreover, we could prove that for
space-time noise, the corresponding discrete averaged energy of Method-IIl grows at most linearly.

4. Numerical results

In this section, we mainly focus on the simulation of 2-D stochastic Maxwell equations with additive noise, for which
the electric field and the magnetic field are E = (0, 0, E3)T,H=(H1, H2,0)7, respectively. Le.,

9Bs _9Hy _ 3H1 _ 5 % in (0,T) x O,

at ax ay
M =38 4) in (0,T)x O, (41)

P =83 4+ )5 in (0,T) x O,
with ® =[O0, %] x [0, %], T =1 and initial data being
E3(x, y,0) =sin(3wx)sin(4r y),
4
Hi(x,y,0)= —3 cos(3mx)cos(4my),
3 . .
Hy(x,y,0) = ~3 sin(37x) sin(4m y).

Hereafter, we choose the values of {em,g(x, y)}m ¢eN and {Nm e}m.ceN as

—24/3sin( in(2¢ — 4.2
eme(X,y) = Sln(imﬂx) sin2¢w y), Nme = mie (4.2)
By the definition of Wiener process (2.4), we have
. [ 3 3
(AW) = Wi’f;rl -Wii= Z 2 o~ | sin(imnxi) sin2ew y )V Atéy 4 (4.3)

m, =1

with {gr’;, ¢} being independent N(0, 1)-random variables.
In the performance of numerical methods, it is necessary to truncate this infinity sum. Fig. 4.1 displays the value of

a(m, ) =2 m%w with respect to m and £. Observe that, after m, ¢ larger than 25, the values of a(m, £) tend to zero. Thus

we truncate the noise by taking the sum of 50 terms for both parameters m and ¢ in the following experiments.

And we take the temporal step-size At =0.001 and the spatial mesh grid size Ax = Ay = 11%. In order to show the
influence of noise on the solution, we scale the values of A =i, =X by A =0, A =0.01, A =0.05 and A = 0.1, respectively.
Taking the magnetic field H; for an example, Fig. 4.2 shows the contours until t = T, by using Method-I corresponding to
different scales of the noise. We observe that the perturbation of magnetic wave H; becomes much more obvious both in x
and y directions due to the increase of the scale of the noise.

Next, we focus on numerically performing the dissipative properties of averaged energy. Based on Theorems 3.2, 3.6
and 3.10 for three numerical methods applied to 3-D stochastic Maxwell equations, we present the concrete form for 2-D
case (4.1) respectively.
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[ 0 o

Fig. 4.1. The value of a(m,[) with respect to m and I.

(1) Method-I

o tny) = @l (tn>+2AxAyZ( e AWE).
where
q;[l](tn_H)=AxAyZH(E3)?:;j+1 ‘(Hl)'l1:1 o ‘( B 2]
L]
and
=G T T

(2) Method-II
oM (t,, 1) = CID[”](tn)—i—AxAyZ(T" Wn+1 W;’f;l))’
ij
where
(R EYNIND Y ((53)"'“(53) A+ HDI HDE + H)T ! (Hz)Zj)
ij

and
T = o ((HD) + ()l ) = (Bl
(3) Method-III

O (ey11) = @My + axay Y- (X7 W),
i,j

where
Wty = Axay 3 [|(Esp s [+ ot | []
ij

and

n+%

+3 +3 +3
T2 = ((HD] 2 + ()} 7)) = A(Es) )
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Fig. 4.2. Contours of the H; for different sizes of noise A =0, A =0.01, A =0.05 and » =0.1.

Fig. 4.3 presents the simulation of energies using the proposed methods in Section 3, where the blue lines denote discrete
energies along 100 trajectories respectively, and the red lines represent the discrete averaged energies using Monte-Carlo
method. From Theorem 2.1, we know that the linear increment slope of the averaged energy in the continuous case is
K =302 +A3)Tr(Q). As we take A; = A, = 0.1 here, it follows that K ~ 0.0816 (because of Tr(Q) ~ 1.36), which leads
to the averaged energy at time T =1 should be 0.2501. We may observe from Fig. 4.3 that the averaged energy (red
line) is linear growth with respect to the time for all of three numerical methods. It extends the theoretical results for
the estimation of the averaged energy in Section 3, since Theorem 3.3 tells that for time-dependent noise, the averaged
energy evolutes linearly and Theorem 3.11 states that for Method-III, the averaged energy evolutes at most linearly. But the
values of discrete averaged energy is 0.2 approximately at time T = 1, which is a bit smaller that the number 0.2501 of
the continuous case. It may caused by taking averaged value only over 100 paths, i.e., ny] deﬂtn, wp) ~ & (P (ty)) with
®(ty) being the discrete energy of one of three methods. As we will observe for the error of divergence; it should be zero
theoretically, however, it is of 10~2 numerically when we approximate it over 100 paths. Meanwhile, Fig. 4.4 presents the
probability density functions of random variable max, ®(t;) with ®(t,) being the discrete energy of Method-I, Method-II
and Method-III, respectively. We may observe that the probability density functions look similar for all of the three methods
with slightly different probabilities.

Moreover, we consider the numerical simulation for the discrete conservation law of averaged divergence. Since the first
two components of electric field E are zero for 2-D system (4.1), which means that the averaged divergence-preserving prop-
erty holds naturally. We consider that property of magnetic field H in the following. The definitions of the corresponding
discrete divergences are given as following:

(1) Method-I

Sl gn n n n n
Vi -HY =68,(Hp)" ) S8x(Hq): . Sy(Hp). ) Sy(Hp). L1
i,j x( 1)17%’]+% + x( 1)171 _ + y( 2)1+%’]7% + y( 2)17%’]7%

1
2
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Fig. 4.5. The error of averaged divergence of Method-I (left), Method-II (middle) and Method-III (right) for Ay =i, =0.1 and P =100.

(2) Method-II

| .H?j% =8_X(H1)i +5y(H2)n+2»
(3) Method-IIl

VUL K = §x(HD] j+ 8y (H)] .

We numerically perform the error of divergence by Monte Carlo method, which is defined by
1P
Err-Div(n) = AxAy Z Z ‘F ; (Vi,j H N (ws) — Vi - Hn(ws))‘-
i j =

The error results for three methods are displayed in Fig. 4.5. Observe that the scale of the error here is of 10~2 for
P = 100. This may be due to the value of P is only 100. This point of view is checked in the following. Thanks to the
special structure of the error of divergence, which means they can be rewritten as the difference of Wiener increments, i.e.,
(1) Method-I
- _ A
[ +1 [1 _ M2
Vil 9w = A—X[(AW)ZJ- AW — (AW, — (AW)?_H_l]
A2
+ A—y[(AW) AW = (AW — (AW ],

(2) Method-II

S[ gyt ol g3 A2
G i = [@wyly - @wyi = @aw)l - aw)i ]
+K[(AW) AW — AW — (aw)i ! 1]
(3) Method-III
< 111 1 Al
U gl ]-H;{j— [(AW),HJ (AW ”] [(AW)l i (AW);{j_l].

We can utilize the right-hand sides of the above equalities to perform the influence of the number of paths P without solv-
ing the equations themselves directly. Take A1 = A = 0.1 in Method-III for an example. We take the number of trajectories
P =10, 102,103, 104, 10°, 108 respectively to obtain the corresponding values of

1

)\.2 1 n A2 d n
Z TerD (AW>i+1,j—<AW>, 1,)(ws)+mF ((AW),,j+1 @AWy, )@s)|,
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Fig. 4.6. The error of averaged divergence v.s. the number of trajectories of P =10, 102, 103, 10%, 10°, 10.
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Fig. 4.7. Mean-square convergence order of Method-I and Method-III for 1 = A, =0.1.

which represent the error of averaged divergence. From the numerical result, we know that the global residuals of the
discrete averaged divergence become smaller and smaller with the increasing of the number of trajectories P (see Fig. 4.6).

Finally, we consider the mean-square convergence orders of Method-I and Method-IIl from numerical point of view,
because Method-II requires more restriction on the mesh sizes. Fix A1 =A; =0.1 and Ax= Ay = 11%. Fig. 4.7 displays the
convergence orders in mean-square sense, where

lerr|2, = AxAy Y [((53),!?]. - (Egef)fj)z + ((Hﬂﬁj — (quf)fj)z + ((Hz)fj — (Hﬁef)fj)z]
i

The reference solution is computed using the time step size At =272 and the expectation is realized using the average of
100 independent paths. We may observe a mean-square order of convergence around 0.5 for Method-I and Method-IIL. It is
interesting to investigate the convergence results theoretically.

5. Concluding remarks

In this paper, we firstly studied some properties of continuous system of stochastic Maxwell equations driven by an
additive noise. By using a direct approach, we rewrite stochastic Maxwell equations into the form of stochastic Hamiltonian
PDEs, and we show that they preserve stochastic multi-symplectic structure almost surely. Furthermore, it is shown that
the averaged energy increases linearly with respect to the evolution of time, and divergence is preserved in the sense of
expectation.

Secondly, we proposed and analyzed three stochastic multi-symplectic numerical methods to discretize stochastic
Maxwell equations with additive noise. Our start point is that in deterministic model, for lossless media, energy is a con-
served quantity and divergence is free with no free charges or currents. They are important criteria to evaluate a numerical
method is good or not. As is shown in continuous stochastic case, the averaged energy evolutes linearly with the growth of
time which is caused by random source, and the divergence is preserved in the sense of expectation which means electric
flux and magnetic flux are preserved in Gaussian random fields in the statistical sense. It is meaningful to investigate the
preservation of these physical properties by the three numerical methods. We showed that the three numerical methods
conserve the corresponding versions of dissipative properties of the averaged energy, and the discrete averaged energies
evolute at most linearly with respect to time. For Method-I, we only obtain the linear evolution relationship for the case
that the noise only depends on time variable; the result of Method-II approximates the continuous case best, for which
we show that the discrete averaged energy evolutes linearly with the rate approximates the one of continuous case for
temporal-spatial noise; For Method-IIl, the situation is similar as that of Method-I, but furthermore, we show that for
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the general noise case, the discrete averaged energy of Method-IIl evolutes at most linearly. Moreover, the three methods
preserve the conservation law of the discrete divergence in the sense of expectation.

At last, some numerical experiments are performed to support our theoretical results. To truncate the infinite-
dimensional Wiener process, which might be represented as an infinite summation of a sequence, we display the values of
the sequence with respect to indices. We observe that for small noise, the electric and magnetic waves are not strongly per-
turbed, but when the noise level is higher and apparently the waves are destroyed. In the performance of discrete averaged
energy and divergence, we could observe from Section 4, all of the three methods reach the similar results. Furthermore,
special attentions are needed to pay to the performance of Method-I, since the condition number of its iterates matrix is
poorer than that of Method-II and Method-III, we utilize the splitting strategy proposed in [6] to deal with the problem,
which could still preserve the discrete stochastic multi-symplectic conservation law. As for Method-I, it is a three-layer
method, which needs another method to initialize, while the evolution of the discrete averaged energy is supported better
in theoretical than Method-I and Method-III.
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