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1. Introduction

The Hamiltonian wave equation is an important mathematical model in some scientific fields like quantum mechanics,
plasma physics, etc. This equation is a typical example of a Hamiltonian partial differential equation (PDE) of the form:
Morz + Kdxz = V;S5(2), (x,t) e R4 x Ry, (1)

where z € R, M, K € R™" are two skew-symmetric matrices, S: R" — R is a given smooth function (at least twice
continuously differentiable), V,S(z) is the classical gradient on R", and x,t denote the spatial and temporal directions,
respectively.

For the Hamiltonian PDE (1), the two most prominent characteristics are multi-symplecticity, i.e.,

orw + oxk =0 (2)

with w =dz A Mdz, k =dz A Kdz, and conservativeness, for example, the energy conservation law (ECL):
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8 E(2) + 0:F(z) =0 (3)

with the energy density and the energy flux being E(z) = S(z) — %ZTK oxz and F(z) = %ZTK ¢z, respectively, and the mo-
mentum conservation law (MCL):

3:1(2) + 0,G(z) =0, (4)

with the momentum density and the momentum flux being I(z) = %ZTMHXZ, and G(z) = S(2) — %ZTMHIZ, respectively.

A well-known principle to design numerical methods is that numerical methods should preserve as much as possible
the intrinsic properties of the underlying system. Generally, the numerical approximations of Hamiltonian systems fall into
two categories: geometric structure-preserving numerical methods and physical property-preserving numerical methods. We
start from the numerical study for Hamiltonian ordinary differential equations (ODEs), which has formed a well-developed
subject through several decades of efforts (see e.g. the monographs [1,2]). On the construction of symplectic numerical
methods, there are several approaches, e.g., symplectic Runge-Kutta (RK) type methods ([3]), methods based on generating
functions ([4]), variational integrators ([5]), etc., while on the construction of physical property-preserving numerical meth-
ods, different approaches, e.g., methods with projection-type techniques ([6]), discrete gradient methods ([7]), Hamiltonian
boundary value methods ([8,9]), etc., are proposed. Except for the symplecticity-preservation, another important feature
of symplectic numerical methods is that they can preserve exactly quadratic invariants (specially, quadratic Hamiltonian
functions); see [3] for instance. Generally, the famous Ge-Marsden theorem ([10]) shows the nonexistence of a constant
time stepping algorithm which is at the same time symplectic and energy conserving. The efforts towards this purpose
on methods inheriting both features are made in a weaker sense. For example, [11] proposes the adaptive time stepping
symplectic-energy-momentum integrators with the symplecticity being viewed in the space-time sense. The constructive
idea by introducing a parameter in each step which can be suitably tuned in a way to enforce the energy conservation,
is introduced in [12], and is developed refinedly and called the EQUIP method in [13-15]. More precisely, they introduce
a family of one-step methods y;(a) = ®,(yo, @) depending on a real parameter o such that this family of methods are
symplectic for any fixed choice of «, and that a special value of the parameter can be chosen depending on yo and h
with the conservation of energy at the same time. For a Hamiltonian PDE, the multi-symplecticity and the ECL/MCL are the
most relevant features characterizing its intrinsic properties. A natural question arises: can one find a numerical method
which combines the multi-symplectic structure and the ECL/MCL at the same time in certain sense? It is believed that the
difficulties in such a problem not only come from the balance of geometric structure and physical property, but also result
from the numerical analysis of PDEs such as the interaction of time and space, etc.

For the numerical study of Hamiltonian PDEs, the multi-symplectic structure is investigated and then a lot of reliable
numerical methods (e.g. [16-23]) preserving the multi-symplectic structure, for instance, muti-symplectic RK/Partitioned
RK methods, collocation methods, splitting methods, spectral methods, etc., have been developed. Especially, we refer to
[19,24-26] and references therein for the multi-symplectic methods of the Hamiltonian wave equation. On the physical
property-preserving aspect, as we mentioned that classical conservation laws such as the ECL (3) and the MCL (4) play an
important role in Hamiltonian PDEs. Though they locally character the conservativeness, they are equivalent to the global
conservation laws when an appropriate boundary condition is endowed. The conservation of quadratic ECL and MCL under
multi-symplectic methods is proved in [19,24]. The accuracy of conservation laws of energy and momentum for Hamiltonian
PDEs under RK discretizations is investigated in [24]. The approximate preservation of the global energy, momentum, and
all harmonic actions over long time under temporal symplectic methods and spatial spectral methods applied to semilinear
wave equation is rigorously proved in [27]. There have been several works on numerically preserving the local ECL and MCL
of Hamiltonian PDEs, e.g., see [16] for a systematic framework. However, as far as we know, there are no known results
about numerical methods which preserve the multi-symplectic structure and the ECL/MCL simultaneously for Hamiltonian
PDEs.

The main aim of this paper is to propose a class of multi-symplectic discretizations by applying the EQUIP method
to the Hamiltonian wave equation to share the property of energy conservation at the same time. The EQUIP method is
proposed and analyzed in [13,15,28] for Hamiltonian ODEs to preserve symplecticity and energy simultaneously. We apply
the parametric symplectic RK methods to Hamiltonian PDEs in space and time, respectively, with the same real parameter
o, which is proved to be a concatenated «-RK method preserving the multi-symplectic structure for all real parameters. This
class of methods is also called EQUIP multi-symplectic methods in this paper. The preservation of the ECL under the EQUIP
multi-symplectic method is obtained by suitably tuning the parameter, that is, we can show that the parameter o™ exists at
each element domain composed by spatial and temporal step sizes, which leads to the preservation of multi-symplecticity
and ECL. That is a weaker version of the standard conservativeness, since the existence of this parameter depends on the
step sizes Ax, At, and on the initial data.

This paper is organized as follows. In section 2, we present the Hamiltonian wave equation and its multi-symplectic form.
Then a family of RK methods concatenated in the spatial and temporal directions is introduced. In section 3, we propose a
concatenated parametric RK method (also called an EQUIP multi-symplectic method) by using the W-transformation, which
is multi-symplectic for all parameters. The preservation of the ECL of the EQUIP multi-symplectic method is investigated in
section 4, by selecting a suitable parameter. We prove the existence of such parameter with the aid of the Lyapunov-Schmidt
decomposition method, the homotopy continuation method and the implicit function theorem under some assumptions on
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RK matrices, the spatial and temporal step sizes, etc. In section 5, we present some numerical experiments to show the
effectiveness in energy-preserving of the proposed method. A short conclusion is given in section 6.

2. Multi-symplectic Runge-Kutta methods

Consider the scalar wave equation

Arell = Okl — V' (1), x,t)eR xRy, (5)

where V : R — R is a smooth function, which is a typical example of a Hamiltonian PDE (1). By introducing canonical
momenta v := d;u, w := dyu and defining the state variable z = (u, v, w)T € R3, we rewrite the wave equation (5) as

U =1v,
Ru=w, (6)
v — dw = —=V'(u).

Using this variable, we obtain

0 -1 0 0 01
M=|1 0 O and K=| 0 00
0 0 O -1 00

as well as the Hamiltonian S(2) = $(vZ — w?) + V (u).
The multi-symplectic conservation law (2), for the wave equation (5), is equivalent to 9;[du A dv] — dx[du Adw] = 0. We
also obtain the ECL (3) with

E(Z)=%(W2+v2)+V(u) and F(z) =—-vw 7)

and the MCL (4) with I(z) = —vw and G(2) = 3(w? + v?) — V (u), respectively.

Now, we start our study with a multi-symplectic RK method for the Hamiltonian wave equation (5). First, we recall the
definition of multi-symplectic integrators for Hamiltonian PDEs. For the purpose of numerical approximation, following [20],
we introduce a uniform grid (xj, t;) € R x R, in the plan of (x, t), with a spatial step size Ax and a temporal step size At.
The approximated value of z(x, t) at the mesh point (x;, ty) is denoted by z; ;. A numerical discretization of (1) and (2), can
be written, respectively, as

i,k ik
M zjk + Ko zj e = (V2S00 ks (8)
3w+ 0%k =0, 9)

where S i 1= S(zj k, Xj, ti), ag”‘, 8,{'k are discretizations of the derivatives 9; and dy, respectively. The numerical method (8)
is called a multi-symplectic integrator of the system (1) if (9) is a discrete conservation law of (8) (see [20]).

Next, we consider multi-symplectic RK methods to solve the Hamiltonian wave equation. It is proved in [19] that Gauss-
Legendre discretizations applied to the scalar wave equation (and Schrédinger equation) in both space and time directions
lead to multi-symplectic methods, and further in [17] that symplectic RK methods applied to the general Hamiltonian PDEs
in both space and time directions lead to the multi-symplecticity. Applying s- and r-stage symplectic RK methods (c, A, b)
and (¢, A, b) to the multi-symplectic formulation (6) of the nonlinear wave equation (5) in space and time, respectively, the
resulting discretization is as follows:

s
Uim= u([)ml + AxZaijaxUj,m,
=1

N
Wim=wi"+ A% ajjdWm.
j=1

N
ul™ =ul™ + AX " bidyUi m.
i=1

N
whm = whm AXY bidxWim,
i=1
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;
Uim= U([)i] + At Zamnatui,nv

n=1

.
Vim=V]+ ALY dmndeVin, (10)
n=1
r ~
ufy =uly + At > bndUim,
m=1
r
Vig =Vl +ACY  bndc Vi,
m=1
0Uim=Vim,
ain,m = Wi,m»
at Vi,m - 8xWi,m = _V/(Ui,m)’
where A = (a,-j)f’j:l, b=(b1,....bs)T, and A= (a[’j)?’j:l, b= (b1,...,b)T are coefficients associated to the RK methods

in space and time directions, respectively. Here we introduce the notations U; ;, &~ u(c; Ax, dy At), “Ei] ~ u(ciAx, At), ugm] ~
u(Ax,dyn At), etc., with ¢; = Z“}:] Gij, dm = y_qdmn, fori=1,...,s,m=1,...,r.

Remark 2.1. Recall that the conditions of multi-symplecticity of the method (10) are as follows:

b,-aij—i—bjaj,-—bibj:O, Vi,j=1,2,...,s, (11)
Bm&mn+5n&nm—5m15n=0, vymn=1,2,...,r1,

or equivalently,
M=BA+ATB—bb" =0, ,
N T T e (117)
M=BA+A'B—bb' =0,

where B = diag(b) and B = diag(E). We also refer interested readers to [3] for symplectic RK methods for Hamiltonian ODEs.
We give some examples of the multi-symplectic RK methods by using the Butcher tableau.

Example 2.1. If r =s =1 with the following Butcher tableaux, we obtain a multi-symplectic Gauss collocation method with
midpoint in time and space respectively, i.e., the centered Preissman scheme.

D=

1
2

N|—=

1
2
1

—_

If r=1, s =2 with the following Butcher tableaux, we obtain a multi-symplectic Gauss collocation method with midpoint
in time and fourth order Gauss collocation method in space.

11 1_43 1 1_43
2 2 2 } 4[ 4 6
1 3 1 3 1
1 3t% |at%® 1
I 1
2 2

For the numerical method (10), the discrete ECL corresponding to (3) with (7) is

N r
> bilE} — E)lAx+ Y bl F}! — F§'lAt =0, (12)
i=1 m=1
with
1
Ef = S(wip® + iph + Vg, Fl=—v"wi". r=0.1, (13)

and the discrete MCL can be given in the same manner. It is well-known that if the method (10) is multi-symplectic, then
this method preserves the discrete ECL (12) for a general quadratic V. The motivation of this paper is to construct a new
numerical method which can preserve the multi-symplectic structure and the discrete ECL for the general V simultaneously.
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3. EQUIP multi-symplectic methods

This section proposes a class of parametric multi-symplectic RK methods, called EQUIP multi-symplectic methods, by
applying the EQUIP method to the Hamiltonian wave equation. This class of methods is multi-symplectic for all the real
parameters, and can conserve the ECL simultaneously in a weak sense with a suitable parameter. The existence of such a
parameter is presented in section 4.

The W-transformation is very useful in the characterization and construction of A-stable RK methods and is also practica-
ble to construct high-order symplectic RK type methods. Now we give some definitions and results on the W-transformation.

Consider the shifted and normalized Legendre polynomials Pj(x) = @%(X’%X — DX in [0, 1]. These polynomials
satisfy the integration formulas:

X

1
/ Po(H)dt =& P1(x) + EPO(X),

0
X

/Pk(t)dt=$k+1 Py1 (%) — & Pr—1(x), k=1,2,...

0
: _ 1
with &, = Tk
The definition of W-transformation relies on a generalized Vandermonde matrix W = (w,-j)f j=1 whose elements are
the shifted and normalized Legendre polynomials of degree j for j=0,1,...,s — 1, evaluated at ¢; (i=1,2,...,5), ie,

wij = Pj_1(ci).

Definition 3.1. [29, p.81]. Let n,& be given integers between 0 and s — 1. We say that an s x s-matrix W satisfies T(n, &)
for the quadrature formula (b;, ci)le if

(1) W is nonsingular;

(2) wij=Pj_i(c), i=1,2,...,s, j=1,2,...,max(n, &) + 1;

(3) WTBW = ((I) 2) where [ is the (§ + 1) x (§ + 1) identity matrix and R is an arbitrary (s—§ —1) x (s—& — 1)
matrix.

If W satisfies T(n, &) for the quadrature formula (b;,c;);_;, then the W-transformation for an s-stage RK method is
defined by

X=WTBAW. (14)
Further, if A is the coefficient matrix for the Gauss method of order 2s, then
% =&
& 0 —&
X=WTBAW =W~1AW = £ ,
0 _5371
Es—1 0

1
2v/4k2—1

written in the form:

where & = (see Theorem 5.6 and Theorem 5.9 in [29]). Note that the multi-symplectic condition (11) can be

WTMW =X+ X" —eje] =0, (15)
WTMW =X +XT —¢&e] =0,

where e; =(1,0,...,0)T e RS and &; = (1,0,..., 0" eR".
For two given RK methods (c, A, b) and (C, A, b) with the transformation matrices X and X defined by (14), we follow
the idea of EQUIP methods in [13] to define the perturbed matrices X (o) and X (&) as

X@)=X+aV, X =X+aV, (16)

where « is a real parameter and
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0O --- 0
Nonzero elements 1 and —1 in the matrix V should be arranged such that the matrix keeps being skew-symmetric. The

matrix V is defined similarly as V.
With the above preliminaries, we give the definition of EQUIP multi-symplectic methods.

Definition 3.2. Given a multi-symplectic RK method (10) with s- and r-stage symplectic RK methods (c, A, b) and (, A, b)
in space and time, respectively, f9r the Hamiltonian wave equation. The corresponding EQUIP multi-symplectic method is
defined by using (c, A(@), b), (C, A(®), b) instead, where

A@)=W'B) X(@W T=A+aWTB)lvw1, (17)
A)=WTB) ' X@W l=A+aW ' B lvw. (18)
If the quadrature (b, c) has order > 2s — 1 and (b, ) has order > 2r — 1, (17) and (18) are reduced, respectively, to

A@)=WX@W l=A+aWwvw, (19)
A =WX@W T=A+aWVW. (20)

The multi-symplecticity of the method (17)-(18) is stated in the following theorem.

Theorem 3.1. Given a multi-symplectic RK method, if W (resp. W) satisfies T(n, £) for (b;, Ci)i_q (resp. (E,-, Ci){_,)» then for any
parameter «, the corresponding parametric method in (17)-(18) is also multi-symplectic.

Proof. By utilizing (15), the proof follows from the anti-symmetricity of V and V. O

Example 3.1. Based on (19)-(20), we give an example of the EQUIP multi-symplectic method with r =1 and s = 2, whose
Butcher tableaux are as follows:

1)1 1_3 1 1_V3_
2 2 2 j_ \A/l_ 4 6
1 3 1 3 1
1 1t% |at%E + 1
| 1 1
2 2

Consequently, if o = 0, we retrieve the multi-symplectic Gauss collocation method with r =1, s = 2. Note that in this
example the method in space is exactly the EQUIP method (2.14) in [13, Example 1].

Remark 3.1. Since matrix V must be skew-symmetric, it vanishes in the case of r = 1. As is shown in the above example, it
is sufficient to introduce the parameter « only in the spatial direction for the preservation of energy.

Similarly to the case of @ =0, by concatenating any two parametric Gauss collocation methods in spatial and temporal
directions respectively, we can construct a EQUIP multi-symplectic method.

Remark 3.2. If the periodic boundary condition u(0,t) = u(L,t) is endowed, (3) yields the preservation of the “global”
energy:

L L
E(t) ::/E(z(x, t))dx:/E(z(X, 0))dx =: £(0). (21)
0 0

One can also have the conservation of the “global” momentum if u(0, t) = u(L,t), i.e.,
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L L
() :=/1(z(x, t))dx:/l(z(x, 0))dx =: Z(0). (22)
0 0

We will show through numerical experiments that the method proposed in this paper conserves well the local and “global”
energies in section 5.

4. Energy-preserving of EQUIP multi-symplectic RK methods

In this section, we give an existence result of the parameter o* which ensures the energy-preserving property of the
proposed EQUIP multi-symplectic methods. The existence of such a parameter is in a weaker sense, which means that this
parameter depends on the step sizes Ax, At, and on the initial data.

To find such a parameter o*, we need to solve a nonlinear system with 4rs + 1 unknowns:

Uim =ug" + Ax Y5, aij(@) Wi m,

Wim =wi" + Ax Y5 aij(@) oW j m.

Uim= U?i] + At 2221 amn (@) Vi n,

Vim= V([Ji] + At 2221 Gmn (00) 3 Vin,

& Vim — xWim=—-V'(Uim),

S bilE} — EQAX+ Y bm[FT — FI'At =0.

(23)

Denoting

U=(U1,Uz,....,U)T, V=(V1,Va, ..., V)T, W=(W;i, Wy ..., W)T,
dV =B V1,8Va, ..., V)T, W = (W1, W2, ..., W) T

with Uy = (Uim, Uz, ..., Usm) € R® and Vi, Wiy, 3V, xWp € R5, m=1,2,...,r being defined similarly, the nonlinear
system (23) can be rewritten in a compact form:

U=up®es+ AX[I; @ A(a)]W,

W =wo ® es + AX[I; @ A(@)][3:V + R(U)],

U=¢e,@u’+ At[A(@) ® ]V, (24)
V=e@v'+ At[A(@) ® I513;V,

bT(E' — E®)Ax+bT (F; — Fo)At =0,
where ® denotes the Kronecker product, u® = (u([)”,u?z],...,u?s])T, ul = (ugl],uFZ],...,uEs])T, Up = (ug”,u{)z],...,ug]

1 2
up = @i ul? T 0

)"

cand vO, vl vg, vi, w2, wl, wg, wq have the similar definitions. In addition,

es=(1,1,....,DTeR%, e =(1,1,...,1)T eR’,

RW) =, V)., VDT, V=V Uim),....,VUsm) ',
A@) = (@ (@)] =y, A@) = @mn (@) 1
E'=(E}],E),...,EDT, E®=(E9,E,....E")T,
Fi=(FLF2, .. FDT, Fo=(FALF3,...,F)T.

Using the above notations and the definitions of Ef, F', £=0,1,i=1,...,s, m=1,...,r in (13), we rewrite the last

equation in (24) using notations u', v, w', v{, wq and u%, v® w0, vo, wg directly, which is summarized in the following

proposition.
Proposition 4.1. The ECL, i.e., the last equation in (24), can be rewritten as

1 1 1
[Edeiag(wa] + Edeiag(vl)v1 +bTval) - 5deiag(wo)w0
; (25)
- ideiag(vO)v0 - bTV(uO):|Ax + [ETdiag(vo)wo - BTdiag(vl)m]At =0,

T T
where V (u®) = (V(u?”), V@d)..... V(u‘[)s])> and V (u') = (V(ug”), Vb, ... V(ugs])> .
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Therefore, we rewrite (24) as

L(Ax, At,a)Y — AXF(Y, o) =Y,

26
Tl vl wl vy, wy) — T v% w0, vo, wg) =0, (26)

where Y =UT, VT, WT. 8V, Yo=(wo®es) . (wo®es)". (e, @u")T, (e, @ vO)")T, T(x, y.z, p.q) =[3b" diag(z)z +
IbTdiag(y)y +bTV(x)]Ax — b diag(p)gAt, and

Iy —Ax(; ® A@) Ors Ors

Ors OTS ITS —AX(Ir@A(a))
L(Ax, At,a) = A ’
( D=1 —AtB@®l) Oy Ors

0. Ie Ors —At(A(a) ®I5)

Ors
F(Y,a)= Ur@A(ga))R(U) '

rs

Ors

with O,s being an (rs x rs)-zero matrix and 0,5 being an rs-zero vector.
From (10), we have

S
wi™ = wi™ + AXY " bi(@ Vi + V' (Uim)).
i=1

.
1 0 P
uly=ul + At Z bnVim.
m=1
r
1 0 -
Vig =Vl + A Y bmdiVim.
m=1

Meanwhile, we introduce two auxiliary systems:

N
Vim=vi" + AX " aij(@)Vjm,
j=1

N
L AXY bidVim,
i=1

.
Wim= WB’] + At Zamn(a)atwi,n,
n=1
r r
wiy=wl, + At Z bmdWim = wl; + At Z bmdxVim.
m=1 m=1
where we use Vi, = 0 W, n in the last equation. Thus the equations for ul, vl wl, vi, wq can be written as
ul =4° + Até*v,
vi=v04 Atf%*atv,
w! = w0 + AB, oV (27)
V1=V + AxB,0xV,
w1 = wo + AxB.(0;V + R(U)),
where B, =bT @I and B, =1, ®b".
Now we are in a position to show the existence of a proper parameter o* such that the EQUIP multi-symplectic
method (see Definition 3.2) preserves the ECL, following the idea in [13, Section 3]. Let y; = (u',v!, w! vy, wy)T,
yo = W% v% w0 vg, wo)T. Define the error function in the discrete ECL as G(x) = T(y1) — T(¥o). When needed, G(x)

may be written as G(«, Ax, At) to emphasize the dependence on step sizes Ax and At. The numerical solution of the
EQUIP multi-symplectic method (17)-(18) defines a corresponding mapping of the form y; = ®ax ar(¥o, @). The nonlinear
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system (24), in which 4rs + 1 unknowns U, V, W, d;V and « need to be solved in every rectangular domain composed of
length Ax and width At, reads

(28)

L(AX, At, )Y =Yo+ AXF(Y, @),
G(x)=0.

The solvability of this system yields the existence of the energy-preserving method. For convenience, we denote h := Ax,
T := At, and define the vector function

_(y1—Ph(Yo, @)
(p(h,t,y1,a)—< T(y1) — T(yo) )

then the system (28) is equivalent to ¢(h, T, y1,) =0.
From (27), we know that ¢(0, 0, y1,«) =0 for every y; and «. The Jacobian of ¢ with respect to (y1, @) is

g _ I — 298 (3o, 1)
) (h,t,y1,0) = (VTT(y1) ? 0 ) (29)

with I being the identity matrix of dimension 3s + 2r. By using the formula on the determinant of a block matrix, we get

(]
det( % (7. y1.0) ) =det (VIT(y1) - 220 (3o, ).
d(y1. ) da

Since
1 1 -
T(y1) = [ideiag(wl)w1 + ideiag(v])v] +bTV(u1)] h — b 'diag(vy)wq,
it holds that

1,1 . 1.1 .
(VT(y1)>T=<bT Lihh, EbT<dlag(v1)v1)’v1h, ibT(dnag<w1)w1>/wlh,

- BT(diag(v])wl)’v1 T, —l~7T(diag(v1)w1)’W1 r).

Therefore, when h =0 and T =0, (VT(y1)) " is the zero vector for any ¢, and thus the rank of the matrix (29) is 3s + 2r.

Due to singularity of the matrix (29) when h =0 and 7 =0, the implicit function theorem cannot be applied directly
to prove the solvability of the nonlinear system (28). In [13], the existence of the parameter a* for the EQUIP method is
proved with the aid of the Lyapunov-Schmidt decomposition method. This decomposition method restricts the nonlinear
system to the complement of the null space and the range of the Jacobian. Thus one gets two subsystems whose Jacobians
are nonsingular and then the implicit function theorem is applicable.

Before we give the existence of o*, we first state the solvability of the first system in (28), which could be proved
similarly as in [30, Theorem 3.1].

Lemma 4.1. If h < 72 and the RK matrix A is nonsingular, then for || < oo, h < hg and © < o with g, ho and o small enough,
there exists a solution Y (&) of the first system in (28).

Similar as in [13], the following assumptions are made to give the existence of o*:

(S1) h< %
(S2) The function G is analytic in a cube Q = [—wyp, o] X [—ho, hol x [—To, To];
(S3) G(0,h, ) = cor? + O(T™1), o #0,

G, h, T) =ca)td™ 4+ O(rdH1=-M), (o) #0.

The following lemma gives the existence and expansion of «*, whose proof follows that of [13, Theorem 3.2] for EQUIP
methods of Hamiltonian ODEs.

Lemma 4.2. Under assumptions (S1)-(S3), there exists a function ™ = o*(h, t) defined in a rectangle (—hg, hg) x (—7o, To), such
that

(i) G(a*(h,t),h,t)=0, forallh e (—hg,hp)and t € (—T19, To);
(ii) a*(h, T) = const - T 4+ O(z™*1) for some integer m.
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Proof. From (S;) and (S3), the expansion of G around (0, 0, 0) is

O 0 X gititkg i
. inj k
G(a, h, T)_ZZ,{ZIW' 7Bai8h18tk(0’0’o)ah k. (30)
i=0 j=0 k=0

By (S1), there exists a constant 8 (0 < 8 < 1) such that h = gt2. Substituting this into (30) leads to

e Bl atITRG i 2j+k
G(e,h,7) =G(a, h(1),7) = ZZZ Tl oianig (00 0a'T

i=0 j=0k=0

9itkg 0 X0 0 ,j 9ititkg o
2j+k ﬂ . i-2j+k
_ZZ Jvkv dhidt k(o 0.0)7 +2221'j!k! aaiahfark(o’o’o)af '
Jj=0 k= i=1 j=0 k=0
From (S3), the above equation can be rewritten as
B gl aitkg 2j+k gl aititkg i 2j+k

Gl h(m), )= ) FPREErs (0,0,0)T +Z > Tl soianig k00 0a't

2j+k>d 7 i=12j+k>d—m

In order to find a solution o* = o*(h(t), T) in the form of a*(h(t), T) = n(T)t™ with () being a real-valued function
of t, we consider the change of variables @ = nt™,

G(a,h(t), T)
j 3]+kG j aH—H-kG
= Z % ohidoT ahigTk (0 0, 0)T2]+k+2 Z lle]! daiohio k(O 0, O)HITmHZJJrk
2j+k>d]' ) i=12j4k>d— ml] ¢ o T
5] 3j+l<G d i1 ﬂj 81+j+kc p i1
= - 0,0,0)t Oo(t —.——(0,0,0)nt o(t
Z k! ahla'ck( )T+ OC )+ ) Z jlk! aaahlark( e+ O( )
2j+k=d 2j+k=d—m
itkg j Jl+itkg
d B
— . 0,0,0 —.——(0,0,0 O
' Z ik hlat"( > ik daaniak 00O+ O

2j+k=d—m

Denoting by C(n,r) the formula in the above bracket. If T # 0, then G(a,h(t),7) =0 if and o_nly if G(n,r) =

0. Therefore, we apply the implicit function theorem to G(,7) = 0. By (S3), both sz+k:djﬁ!—,i! .G 9 0,0) and

dhjoTk
51’ lt+itkg
Zsz:‘Fm fi W(O’ 0, 0) are not equal to zero. Let

/3] 9itkg
_ 221+k=d kT " ghigTk (0,0,0) =0
No=— B gltitkg 0.0.0 ="
ZZH—k:d—m Tk SaanTack ( )

then, ﬁ(no, 7o) = 0. The functions G(n, 7), @n(n, T) and f;t(n, T) are continuous in the neighborhood of the point (19, 7o),
moreover,

Z ﬂ] al+j+kG

G, (1o, To) = L. : 0,0,0) 0.
n(10- 7o) K aeaniack - 00 F

2j+k=d—m

Hence the implicit function theorem ensures the existence of a function n = n(t) such that 5(17(1:), 7)=0.
From the equation

Z Jj+ Z ﬁ] 81+j+kc
G(n T)= (0,0,0)+ — ——(0,0,0)n+O(r) =0
jlk! ahigrk 1k! k
jlk! ohiaT 2tk jk! dadhiaT
the solution of G(«, T) = 0 takes the form
B aitkg

22]+l< =d—m ]lk! tha‘fk( 0)

Bi altitkg
2j+k=d—m JIk! jarohiock (0,0,0)

a*(h(r), 1) =n(m)t" = ™ 4+ O™,

which completes the proof. O
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Fig. 1. A uniform grid and the unknowns in grid points.
From Lemmas 4.1 and 4.2, we obtain the main result.

Theorem 4.1. Let assumptions (S1), (S2) and (S3) be satisfied and let the RK matrix A be nonsingular. Then the system (28) is solved
uniquely, i.e., there exists a unique solution (Y T, a*).

The assumption (S7) and the nonsingularity of A in Theorem 4.1 can be replaced by T < h? and the nonsingularity of A,
respectively. In fact, from [30] if the RK matrix A is nonsingular, the conclusion of Lemma 4.1 still holds. And in the proof
of Lemma 4.2, by considering the change of variables o (h) = ¢(h)h™, we can still get the solvability of the second equation
of (28) with respect to «. The following corollary states the result.

Corollary 4.1. Let assumptions (S,) and (S3) be satisfied. Then two kinds of conditions on step sizes and nonsigularities, each of which
guarantees the solvability of the system (28), are as follows:

(1) h < t2 and A is nonsingular,
(2) T < h? and A is nonsingular.

5. Numerical experiments

In this section, we present some numerical experiments to show the effectiveness in energy-preserving of the proposed

EQUIP multi-symplectic methods. We consider the sine-Gordon equation (i.e., V (u) = —cos(u) in (5)):
Ot = OxxU — sin(u), (x,t) e (—L/2,L/2) x (0, T], a1)
u(~L/2,6) =u(L/2,t), tel0,T],
with initial conditions:
) x—L/6 . o—x—L/6
u(x,0)=4tan” (——) +4tan”  (——),
V1 —p2 J1—p2
32
9 |: . oX—L/6—pt . e—X—L/6—pt (32)
oru(x,0) = — [4tan™  (——=) +4tan” (———)
o Vi-§ V=8 ]l

On an infinite domain, these initial conditions could yield a soliton solution and an anti-soliton solution moving with
speed +f respectively. We set $ =0.5, L =100 and T = 200.

5.1. Numerical method
The numerical solution of (31)-(32) is obtained by using the EQUIP multi-symplectic method with r =1 (midpoint in

time) and s = 2 (fourth order Gauss collocation method in space) with a temporal step size At =0.1 and a spatial step size
Ax =1 (see Example 3.1). Below the implementation of this method is provided in details for the sake of clarity.



12 C. Chen et al. / Journal of Computational Physics 418 (2020) 109599

First, in each domain composed of At and Ax, by letting s =2, r =1 in (10) with Butcher tableaux in Example 3.1, we
obtain a nonlinear system with the discrete ECL (12)-(13):

1 1 V3
Ui ZU([)” + Ax (ZWm + (— - — —06> W2,1) ,

4 6
U1 = UB]] + Ax ((}1 + g +Ol> W1+ %WZJ) ,
Wii= WE] + AX (}13XW1,1 + (}1 - ? - 06) 3xW2,1) ,
W1 =wy! + Ax ((411 + ? +0l) Wi+ %Bme) ;

AX
ugl] =u([)” + T(Wm + Wa.1),
(1 _ 11, AX
wi=w, +7(8xW1,1+3xW2,1),
o At
U]’1=U[]]+7v1,]v
o At
UZ,I = u[2] + 7‘/2.1,
At
Vii= V([)l] + 7atvl,1, (33)

o At
Voi1=vp+ 73tV2,17

ugl] == u([)” + AtV]’],

ugz] = u‘[)z] + AtVa 1,

VF]] == V?l] "F AtatV]'],

VE2] = V?Z] + AtoiVa 1,
V11— 0xW11 =—sin(Uq,1),
0tVa1 — W11 =—sin(Uz 1),
AX 1 1
T((ng])z + (WEZ])Z + (vgl])2 + (VEZ])2 - 2cos(ugl]) - 2cos(ug2])> — Atvg ]Wg I

Ax
= T((w‘[)]])2 + (Why? + (Vi + (vy)? — 2cos(upy)) — 2cos(u?2])) — Atviwll,

which has 20 unknowns U1,1,U2,1, V1,1, V2,1, W11, Wa,1, 9 Vi1, V21, 9xWe 1, xWa 1, UE]]], W{)l], Vg], UE”, ugz], VE”’ ng]s
wlll], w[12] and «. Since (33) only contains 17 equations, it still needs three more equations. To this end, letting ug =u(0,0),
we add the following equations to the above system (33) (see for instance [19, Section 3]),

At
[1] 0 [1]
g =ug+ Vo,

1 1 1 1
u[]] =1Uy + Ax <—W[]] + (— _— — Ol) W[2J) s

1 \/§
1 1 1 1
U[ZJ—UO—FAX((——{——G +Ot> W[1]+—W[2]) s

ug) = ug + Atv%”,

(34)

N =

where u}) ~ u(0, At) is another unknown. Therefore, we have the nonlinear system (33)-(34) with 21 unknowns (see Fig. 1).

Next, considering the periodic boundary condition, in each time level we put together the above individual nonlinear
system through space axis (including M = 100 grid points), which leads to a nonlinear system with 2100 unknowns. De-
noting by X the unknowns, this nonlinear system can be rewritten as F(X) = 0, which is solved by using Newton iteration
method with tolerance € = 10715,
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Fig. 2. Values of « in the EQUIP multi-symplectic method at (x, t)-plane [—50, 50] x [0, 200] with h=1 and t =0.1.
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Fig. 3. Values of « in the EQUIP multi-symplectic method at two fixed moments ¢t = 50 and t = 150.
5.2. Numerical results

Fig. 2 presents the values of the parameter « in the EQUIP multi-symplectic method on (x, t)-plane [-50, 50]x [0, 200],
which make the method preserve energy. Fig. 3 shows the values of such parameter in details, for the selected moments
t =50 and t = 150. Numerical results indicate that the parameter sequence exists at every calculation grid and has the
absolute values closed to zero (about 107 ~ 10~8). Fig. 4 is the cross-section plots of the wave u(x,t) at some selected
moments during the time interval [0, 200].

We compare the errors of the total energy £(t) by using the multi-symplectic Gauss collocation (denoted by MSRK)
method and the EQUIP multi-symplectic (denoted by «-MSRK) method, which are shown in Fig. 5. Numerical results show
that in the conservation of the total energy £(t), the error of the MSRK method is of about 10~3, while the error of the
a-MSRK method is of about 10~'2. Both the MSRK method and the «-MSRK method conserve the total momentum Z(t)
exactly, since it is a quadratic invariant.

Fig. 6 shows the comparison of the error in the local discrete ECL (12)-(13) of the MSRK method and the «-MSRK
method, in the time intervals [0, 30] and [150, 170], respectively. Observe that the c-MSRK method (about 10~13) conserves
the discrete ECL better than the MSRK method (about 10~3).
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time t=0 time t=17
5 5
S -5 -5
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-50 0 50 -50 0 50
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: \ /S
-10 -10
-50 0 50 -50 0 50
time t=177 time t=200
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= 0 /\ 0
S -5 -5
-10 -10 U
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X X
Fig. 4. Time evolution of solution during the time interval t € [0, 200].
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time

0
o

Fig. 5. Comparison of numerical errors in the global energy for both the MSRK method and the o-MSRK method over the time interval [0, 200].

Next, we will report the error in the numerical solution. Since the exact solution of this problem (31) with initial
conditions (32) is not known explicitly, we use the numerical solution with a smaller time step size Aty = 0.01 as the
reference solution (denoted by ua¢,) to estimate the error.

The pointwise error is defined by

eatXi, t") = [uar(xi, t") — Uag (i, t],

where the step size At takes the values 0.1, 0.08, 0.05, 0.02 as different step sizes, and t" =nAtg (1 <n <N, N =200/Atp).
Fig. 7 shows the corresponding pointwise errors at some selected moments during the time interval [0, 200].
The discrete maximal (L°°) and average (L2) errors are defined as

L") = max |ea¢(xi, t")],
1<i<M
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Fig. 6. Comparison of numerical errors in the local energy for both the MSRK method and the o-MSRK method over the time intervals [0, 30] and [150, 170].

-\r/:Il):Esl of errors at some selected times in [0, 200] for different temporal step sizes.
t L%-error L?-error
At=0.1 At=0.08 At=0.05 At =0.02 At=0.1 At =0.08 At =0.05 At =0.02
1 9.46E-04 7.24E-04 2.25E-04 7.25E-05 2.73E-03 2.01E-04 1.11E-04 3.53E-04

17 4.69E-03 4.23E-03 3.62E-03 2.51E-03 1.95E-02 1.88E-02 1.81E-02 1.12E-02
77 2.43E-02 1.70E-02 7.67E-03 3.70E-03 6.34E-02 4.20E-02 4.20E-02 2.39E-02
117 1.94E-02 1.61E-02 5.18E-03 4.25E-03 7.34E-02 4.77E-02 4.77E-02 2.25E-02
177 2.09E-02 1.75E-02 7.09E-03 3.84E-03 8.34E-02 6.68E-02 6.68E-02 2.85E-02
200 3.48E-02 2.11E-02 8.29E-03 5.55E-03 1.40E-01 9.02E-02 9.02E-02 3.77E-02

1/2

L2 =[ax Y leacxi th?
1<i<M

Fig. 8 and Fig. 9 present the curves of solution errors in L*°- and L?-norms in the time interval [0, 200] when At =0.1,
0.08, 0.05 and 0.02, respectively.

Table 1 shows the values of solution errors at some selected moments during the time interval [0, 200] for different
temporal step sizes.

5.3. Comparison of computational costs

When we implement the numerical experiments to solve the problem with the periodic boundary condition by using the
EQUIP multi-symplectic method, the major costs result from the discretization of the PDE. The nonlinear system to be solved
in each domain (0, Ax) x (0, At) has (55 + 3)r + 3s 4+ 2 unknowns. When « = 0, namely, the standard multi-symplectic RK
method is applied, the nonlinear system has (5s + 2)r unknowns. Therefore when Newton iteration method is applied, the
Jacobian matrix has dimension (5s + 2)r for the case of « = 0, while it has dimension (5s + 3)r + 3s + 2 for the case of
o = o*. After assembling the individual Jacobian matrix through space axis (including M = 100 grid points), we obtain the
matrices with M(5s + 2)r and M((5s + 3)r + 3s + 2) dimensions respectively. These matrices have approximately sparse
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Fig. 7. Time evolution of the error for At =0.1.
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Fig. 8. Errors in L*°-norm during the time interval [0, 200] for different temporal step sizes.
band structure with bandwidth (5s + 2)r +2 and (5s + 3)r + 3s + 4, respectively. Gauss elimination method is used in

each iteration of Newton iteration method to solve a system of linear equations. If we denote d the bandwidth and N the
dimension of the matrix, the calculation cost by using Gauss elimination method is as follows:

Cost = [(N — d)d?® + d3/3](f0rward) + (Nd — d2/2)(backward)
= Nd* — 2d®/3 + Nd — d?/2.
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Fig. 9. Errors in L2-norm during the time interval [0, 200] for different temporal step sizes.

Table 2

Computer costs for the cases of « =0 and o = or*.
Computer type a=0 oa=ao*
Core two Duo 1091.47s 3283.46s
Fourth generation core i5 482.3s 1320.8s

If N >>d, then Cost ~ Nd? + Nd ~ Nd2. Therefore, the costs of these two methods are approximately M((5s + 2)r + 2)2
and M((5s + 3)r + 2s + 4)2, respectively. By comparing these two costs, we know that the larger s and r are, the smaller
the difference in dimensions of the Jacobian matrices is. We compare the computational time needed to solve the sine-
Gordon equation (31)-(32) by using the EQUIP multi-symplectic method with r =1 and s =2 in the cases of « =0 and
o = «*. In the numerical experiments, we have used Gauss elimination method to solve the linear system in each step of
Newton iterations. We notice from Table 2 that the costs in numerical experiments coincide approximately with the above
theoretical results.

6. Concluding remarks

We propose a family of EQUIP multi-symplectic methods for the Hamiltonian wave equation. These methods are multi-
symplectic perturbations of the classical multi-symplectic methods with the free parameter «. The existence of a parameter
such that the methods are energy-preserving in a weaker sense is proved. This weaker sense means that the parameter
depends on the step sizes and the initial data, which says that the energy conservation property may fail if one changes the
step sizes or the initial data. Numerical experiments show the effectiveness of the proposed method, and the preservation of
both multi-symplecticity and energy. This work considers only energy-preserving property together with multi-symplecticity,
a research on multi-symplectic method preserving both energy and momentum, and possible further invariants, will be the
subject of future investigations.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements
Jialin Hong and Chuchu Chen are supported by National Natural Science Foundation of China (Nos. 91630312,

11711530017, 11871068 and 11971470). Chol Sim and Kwang Sonwu are supported by Academy of Mathematics and Sys-
tems Science, Chinese Academy of Sciences.



18 C. Chen et al. / Journal of Computational Physics 418 (2020) 109599

References

[1] E. Hairer, C. Lubich, G. Wanner, Geometric Numerical Integration. Structure-Preserving Algorithms for Ordinary Differential Equations, eprint of the
second (2006) edition Springer Series in Computational Mathematics, vol. 31, Springer, Heidelberg, 2010.
[2] K. Feng, M. Qin, Symplectic Geometric Algorithms for Hamiltonian Systems, Zhejiang Science and Technology Publishing House/Springer, Hangzhou/Hei-
delberg, 2010, translated and revised from the Chinese original, with a foreword by Feng Duan. https://doi.org/10.1007/978-3-642-01777-3.
[3] J.M. Sanz-Serna, Runge-Kutta schemes for Hamiltonian systems, BIT 28 (4) (1988) 877-883, https://doi.org/10.1007/BF01954907. URL https://doi.org/
10.1007/BF01954907.
[4] K. Feng, Difference schemes for Hamiltonian formalism and symplectic geometry, J. Comput. Math. 4 (3) (1986) 279-289.
[5] J.E. Marsden, M. West, Discrete mechanics and variational integrators, Acta Numer. 10 (2001) 357-514, https://doi.org/10.1017/S096249290100006X.
URL https://doi.org/10.1017/S096249290100006X.
[6] M. Calvo, M.P. Laburta, J.I. Montijano, L. Rindez, Runge-Kutta projection methods with low dispersion and dissipation errors, Adv. Comput. Math. 41 (1)
(2015) 231-251, https://doi.org/10.1007/s10444-014-9355-2. URL https://doi.org/10.1007/s10444-014-9355-2.
[7] O. Gonzalez, Time integration and discrete Hamiltonian systems, J. Nonlinear Sci. 6 (5) (1996) 449-467, https://doi.org/10.1007/s003329900018. URL
https://doi.org/10.1007/s003329900018.
[8] L. Brugnano, F. lavernaro, D. Trigiante, Hamiltonian boundary value methods (energy preserving discrete line integral methods), JNAIAM. J. Numer.
Anal. Ind. Appl. Math. 5 (1-2) (2010) 17-37.
[9] L. Brugnano, F. lavernaro, Line Integral Methods for Conservative Problems, Monographs and Research Notes in Mathematics, CRC Press, Boca Raton,
FL, 2016.
[10] Z. Ge, J.E. Marsden, Lie-Poisson Hamilton-Jacobi theory and Lie-Poisson integrators, Phys. Lett. A 133 (3) (1988) 134-139, https://doi.org/10.1016/0375-
9601(88)90773-6.
[11] C. Kane, J.E. Marsden, M. Ortiz, Symplectic-energy-momentum preserving variational integrators, J. Math. Phys. 40 (7) (1999) 3353-3371, https://
doi.org/10.1063/1.532892.
[12] J.C. Simo, N. Tarnow, K.K. Wong, Exact energy-momentum conserving algorithms and symplectic schemes for nonlinear dynamics, Comput. Methods
Appl. Mech. Engrg. 100 (1) (1992) 63-116, https://doi.org/10.1016/0045-7825(92)90115-Z.
[13] L. Brugnano, F. lavernaro, D. Trigiante, Energy- and quadratic invariants-preserving integrators based upon Gauss collocation formulae, SIAM J. Numer.
Anal. 50 (6) (2012) 2897-2916, https://doi.org/10.1137/110856617.
[14] D. Wang, A. Xiao, X. Li, Parametric symplectic partitioned Runge-Kutta methods with energy-preserving properties for Hamiltonian systems, Comput.
Phys. Commun. 184 (2) (2013) 303-310, https://doi.org/10.1016/j.cpc.2012.09.012.
[15] L. Brugnano, G. Gurioli, F. lavernaro, Analysis of energy and quadratic invariant preserving (EQUIP) methods, J. Comput. Appl. Math. 335 (2018) 51-73,
https://doi.org/10.1016/j.cam.2017.11.043.
[16] Y. Gong, ]. Cai, Y. Wang, Some new structure-preserving algorithms for general multi-symplectic formulations of Hamiltonian PDEs, J. Comput. Phys.
279 (2014) 80-102, https://doi.org/10.1016/j.jcp.2014.09.001.
[17] J. Hong, H. Liu, G. Sun, The multi-symplecticity of partitioned Runge-Kutta methods for Hamiltonian PDEs, Math. Comp. 75 (253) (2006) 167-181,
https://doi.org/10.1090/50025-5718-05-01793-X.
[18] J. Hong, Y. Sun, Generating functions of multi-symplectic RK methods via DW Hamilton-Jacobi equations, Numer. Math. 110 (4) (2008) 491-519,
https://doi.org/10.1007/s00211-008-0170-x.
[19] S. Reich, Multi-symplectic Runge-Kutta collocation methods for Hamiltonian wave equations, J. Comput. Phys. 157 (2) (2000) 473-499, https://doi.org/
10.1006/jcph.1999.6372.
[20] Y. Wang, J. Hong, Multi-symplectic algorithms for Hamiltonian partial differential equations, Commun. Appl. Math. Comput. 27 (2) (2013) 163-230.
[21] J. Hong, C. Li, Multi-symplectic Runge-Kutta methods for nonlinear Dirac equations, J. Comput. Phys. 211 (2) (2006) 448-472, https://doi.org/10.1016/
j.jcp.2005.06.001.
[22] ]. Hong, X. Liu, C. Li, Multi-symplectic Runge-Kutta-Nystrom methods for nonlinear Schrodinger equations with variable coefficients, J. Comput. Phys.
226 (2) (2007) 1968-1984, https://doi.org/10.1016/j.jcp.2007.06.023. URL https://doi.org/10.1016/j.jcp.2007.06.023.
[23] J. Hong, S. Jiang, C. Li, Explicit multi-symplectic methods for Klein-Gordon-Schrodinger equations, J. Comput. Phys. 228 (9) (2009) 3517-3532, https://
doi.org/10.1016/j.jcp.2009.02.006. URL https://doi.org/10.1016/j.jcp.2009.02.006.
[24] J. Hong, S. Jiang, C. Li, Accuracy of classical conservation laws for Hamiltonian PDEs under Runge-Kutta discretizations, Numer. Math. 112 (1) (2009)
1-23, https://doi.org/10.1007/s00211-008-0204-4.
[25] J. Hong, S. Jiang, C. Li, H. Liu, Explicit multi-symplectic methods for Hamiltonian wave equations, Commun. Comput. Phys. 2 (4) (2007) 662-683.
[26] H. Liu, K. Zhang, Multi-symplectic Runge-Kutta-type methods for Hamiltonian wave equations, IMA J. Numer. Anal. 26 (2) (2006) 252-271, https://
doi.org/10.1093/imanum/dri042.
[27] D. Cohen, E. Hairer, C. Lubich, Conservation of energy, momentum and actions in numerical discretizations of non-linear wave equations, Numer. Math.
110 (2) (2008) 113-143, https://doi.org/10.1007/s00211-008-0163-9.
[28] L. Brugnano, F. lavernaro, D. Trigiante, Energy and quadratic invariants preserving integrators of Gaussian type, AIP Conf. Proc. 1281 (1) (2010) 227-230,
https://doi.org/10.1063/1.3498430.
[29] E. Hairer, G. Wanner, Solving ordinary differential equations. II, in: Stiff and Differential-Algebraic Problems, second revised edition, paperback, in:
Springer Series in Computational Mathematics, vol. 14, Springer-Verlag, Berlin, 2010.
[30] J. Hong, C. Sim, X. Yin, Solvability of concatenated Runge-Kutta equations for second-order nonlinear PDEs, ]. Comput. Appl. Math. 245 (2013) 232-241,
https://doi.org/10.1016/j.cam.2012.12.014.


http://refhub.elsevier.com/S0021-9991(20)30373-9/bib3170B4165DBB70D01697FBF93A781615s1
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib3170B4165DBB70D01697FBF93A781615s1
https://doi.org/10.1007/978-3-642-01777-3
https://doi.org/10.1007/BF01954907
https://doi.org/10.1007/BF01954907
https://doi.org/10.1007/BF01954907
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib2C99FDE35FD7E92065D50F5FC52B0063s1
https://doi.org/10.1017/S096249290100006X
https://doi.org/10.1017/S096249290100006X
https://doi.org/10.1007/s10444-014-9355-2
https://doi.org/10.1007/s10444-014-9355-2
https://doi.org/10.1007/s003329900018
https://doi.org/10.1007/s003329900018
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib3D8F0469383E236411865715E0138927s1
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib3D8F0469383E236411865715E0138927s1
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib99D4FB3DB1563C87DA2CDFC0158B37C3s1
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib99D4FB3DB1563C87DA2CDFC0158B37C3s1
https://doi.org/10.1016/0375-9601(88)90773-6
https://doi.org/10.1016/0375-9601(88)90773-6
https://doi.org/10.1063/1.532892
https://doi.org/10.1063/1.532892
https://doi.org/10.1016/0045-7825(92)90115-Z
https://doi.org/10.1137/110856617
https://doi.org/10.1016/j.cpc.2012.09.012
https://doi.org/10.1016/j.cam.2017.11.043
https://doi.org/10.1016/j.jcp.2014.09.001
https://doi.org/10.1090/S0025-5718-05-01793-X
https://doi.org/10.1007/s00211-008-0170-x
https://doi.org/10.1006/jcph.1999.6372
https://doi.org/10.1006/jcph.1999.6372
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib6148BBF9DEE45483F94F992B0B7C7A9Ds1
https://doi.org/10.1016/j.jcp.2005.06.001
https://doi.org/10.1016/j.jcp.2005.06.001
https://doi.org/10.1016/j.jcp.2007.06.023
https://doi.org/10.1016/j.jcp.2007.06.023
https://doi.org/10.1016/j.jcp.2009.02.006
https://doi.org/10.1016/j.jcp.2009.02.006
https://doi.org/10.1016/j.jcp.2009.02.006
https://doi.org/10.1007/s00211-008-0204-4
http://refhub.elsevier.com/S0021-9991(20)30373-9/bibD3B61E0360A030C591EB50F24BE4BAC9s1
https://doi.org/10.1093/imanum/dri042
https://doi.org/10.1093/imanum/dri042
https://doi.org/10.1007/s00211-008-0163-9
https://doi.org/10.1063/1.3498430
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib65C2A3D77127C15D068DEC7E00E50649s1
http://refhub.elsevier.com/S0021-9991(20)30373-9/bib65C2A3D77127C15D068DEC7E00E50649s1
https://doi.org/10.1016/j.cam.2012.12.014

	Energy and quadratic invariants preserving (EQUIP) multi-symplectic methods for Hamiltonian wave equations
	1 Introduction
	2 Multi-symplectic Runge-Kutta methods
	3 EQUIP multi-symplectic methods
	4 Energy-preserving of EQUIP multi-symplectic RK methods
	5 Numerical experiments
	5.1 Numerical method
	5.2 Numerical results
	5.3 Comparison of computational costs

	6 Concluding remarks
	Acknowledgements
	References


