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Abstract

In this paper, we consider the large deviations principles (LDPs) for the stochastic linear
Schrodinger equation and its symplectic discretizations. These numerical discretizations
are the spatial semi-discretization based on the spectral Galerkin method, and the further
full discretizations with symplectic schemes in temporal direction. First, by means of the

abstract Girtner—Ellis theorem, we prove that the observable By = “ TT ) , T > 0 of the exact

solution u is exponentially tight and satisfies an LDP on L?(0, 7r; C). Then, we present the
LDPs for both {B%” }r>0 of the spatial discretization {«™} e and {B 111\;1 } wen of the full dis-
cretization {u’,‘\,l } M, NeN, Where B%l = ”M# and B% = % are the discrete approximations
of Br. Further, we show that both the semi-discretization {u™}7en and the full discretiza-
tion {uANl }m,NeN based on temporal symplectic schemes can weakly asymptotically preserve
the LDP of {Br}r-0. These results show the ability of symplectic discretizations to pre-
serve the LDP of the stochastic linear Schrodinger equation, and first provide an effective
approach to approximating the large deviations rate function in infinite dimensional space
based on the numerical discretizations.
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1 Introduction

The stochastic Schrodinger equation, as an important stochastic Hamiltonian partial dif-
ferential equation, is widely used to model the propagation of dispersive waves in inho-
mogeneous or random media (see e.g., [12]), and possesses the infinite dimensional
stochastic symplectic geometric structure. To numerically inherit the geometric structure of
the stochastic Schrodinger equation, [2] proposes the infinite dimensional stochastic sym-
plectic algorithms and considers the semi-discretizations, such as the stochastic symplectic
Runge—Kutta methods. Moreover, the full discretizations based on the stochastic symplec-
tic methods in temporal direction are also proposed (see e.g., [2, 4, 5, 10, 11] and references
therein). The numerical experiments show that stochastic symplectic discretizations are
superior to non-symplectic ones, especially in the long-time stability. This superiority is
explained in [3] from the perspective of LDP, when stochastic symplectic discretizations are
applied to stochastic Hamiltonian ordinary differential equations.

In this paper, we aim to deepen the understanding of the long-time asymptotical behav-
ior and probabilistic characteristics of stochastic symplectic discretizations for stochastic
Hamiltonian partial differential equations. Considering the infinite dimensional stochastic
symplecticity of the stochastic linear Schrédinger equation

du = iAudt +iadW (), t>0, (1.1)
u(0) = ug € HY(0, 1),
we take it as the test equation and By = "(TT) as the observable to obtain the precise

results on the ability of symplectic discretizations to asymptotically preserve the LDP for the
original equation. Here o > 0, A denotes the Laplace operator with the Dirichlet boundary
condition, and W is an LZ(O, 1; R)-valued Q-Wiener process defined on a complete filtered
probability space (.Q F A >0, P) with {%},>0 satisfying the usual conditions; see
Section 2 for more details on Eq. 1.1. The reasons for the choice of the observable {Br}r-0
include two aspects. On one hand, the wavefunction u is an important physical quantity
and it is meaningful to characterize the asymptotics of u(¢) for large time ¢, which can be
obtained based on the LDP of {Br}7~¢. Further, we are interested in whether stochastic
symplectic discretizations preserve this asymptotics. On the other hand, it is convenient to
compare the LDP between Br and its discrete versions by means of the explicit expression
of the corresponding rate functions, which can present the asymptotical preservation for the
LDP of {B7}r-0 via stochastic symplectic discretizations in a direct and explicit form.
Our idea to derive the LDP of {B7}r-o on H 0 is to use the abstract Girtner—Ellis the-
orem, which involves the existence of the logarithmic moment generating function and
exponential tightness. The Gaussian property of the exact solution on H® with the real
inner product is analyzed to give the logarithmic moment generating function of {Br}r~o.
A prerequisite of the exponential tightness is to find the compact subsets of H°, under
the non-compactness of the Schrédinger semigroup, such that the probabilities of {Br}1-0
hitting the complements of these compact subsets are exponentially small. This relies on
two skills: One is that the regularity of # on H! gives a series of compact sets in H? by uti-
lizing the fact that H' is compactly embedded into H®, and the other is that the Fernique
theorem yields the estimate of probabilities that Br hits these compact sets on an exponen-
tial scale. Utilizing the property of reproducing kernel Hilbert space, we obtain the explicit
expression of the large deviations rate function I of {Br}r-0. As an application of LDP of
{Br}r>00n HY, we give the exponential decay speed of the probability P(|| B(T)|go = R),
R > 0 of the tail event of {Br}r~0 (see Eq. 3.16 in Corollary 1 for details), which is
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more subtle than the polynomial decay rate % resulting from the evolution law of the mass
E|u(T)l13,0 = Elluollf, + @?tr(Q)T (see Eq. 3.15).

The large deviations rate functions characterize the essential decay rate of the probabili-
ties of rare events. It is important for a numerical discretization to preserve the rate function
in certain sense. Thus, for a numerical discretization of Eq. 1.1, it is natural to ask:

(P1) Does the discrete approximation of {Br}r-0, associated with the numerical dis-
cretization of Eq. 1.1, satisfy the LDP?

(P2) If so, which kind of numerical discretizations can preserve the LDP of the original
system, namely preserve the large deviations rate function, exactly or asymptoti-
cally?

This paper aims to deal with the above problems. We are faced with two major difficulties
in the numerical analysis. One is how to define the preservation for the LDP of an infi-
nite dimensional stochastic differential equation by its numerical discretizations, since the
spaces concerning the LDPs are different. The space concerning the LDP of a numerical dis-
cretization is finite dimensional, while that of the original equation is infinite dimensional.
Therefore one needs a reasonable definition to link these two spaces. Another difficulty
arises from the symplectic discretizations of the stochastic Schrodinger equation, including
the general formulation in high dimensional case and the combination with the theory of
large deviations.

Concerning these issues, we first apply the spectral Galerkin method to Eq. 1.1 and get
the spatial semi-discretization (see Eq. 4.1)

duM(t) = i Ayu™ (t)dt + ia PydW (1), t>0, (1.2)
uM(0) = Pyug € Hy.

Here Hy; = span{ej, ea, ..., epm}, where ex, k = 1,2, ... are the eigenfunctions of Q and
form an orthonormal basis of H°. In fact, Eq. 1.2 is a symplectic discretization and can be
rewritten into a stochastic Hamiltonian system (see Eq. 5.1):

dPM@t)y = . 0™ (1)dt,
doM @) = —# P (t)dt + « 2dB (1), (1.3)

M

where uM = PM 4+ QM We define by BM = %(T), T > 0 adiscrete approximation of the
observable Br for Eq. 1.2. Following the arguments of dealing with the LDP for {Br}r-0,
we prove that for each M € N, {B;” }1>0 obeys an LDP on Hjs with the good rate function
™ Note that 7™ and I have different domains, which brings the difficulty to define and
study the preservation of the LDP for {Br}7~¢ by (UM pren. A possibility is to transfer the
LDP of {B#’I }r=0 on Hy to H 0. This can be solved by means of Lemma 2 which reveals
the relationship between LDPs of a stochastic process on some space and that on subspaces.
This is to say, {B%” }r=0 also satisfies the LDP on H 0 with a rate function /™. However, we
also note that the valid domain, on which I takes finite values, is a proper subset of the
valid domain of /. Hence, we introduce the definition of weakly asymptotical preservation
for LDP (see Definition 4) in the sense that I is well approximated by I™ for some suffi-
ciently large M. Further, we prove that {u™} <y weakly asymptotically preserves the LDP
of {Br}7~0 based on the strong continuity of the projection operators.

Next, we attempt to show that the full discretization based on a large class of tempo-
ral symplectic discretization can weakly asymptotically preserve the LDP of {Br}r-¢. In
order to give the general formula of symplectic discretizations for the high dimensional
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system Eq. 1.3, an argument of dimensionality reduction is applied. More precisely, we
divide Eq. 1.3 into M subsystems (see Eq. 5.4). Then we obtain a class of full discretiza-
tions {u ,/1"’ } M .neN based on the temporal symplectic discretizations of Eq. 1.3 by combining
the symplectic discretizations in [3] for every 2-dimensional subsystem. For this full dis-
cretization, we define a discrete approximation BY = % of Br, with 7 being the temporal
stepsize, and give the LDP of {B 1/\‘,/’ }wven based on the Gartner—Ellis theorem and the con-
traction theorem. Further, we study whether {u} 5/ e can weakly asymptotically preserve
the LDP (see Definition 5) of { Br}r~0, which depends on the asymptotical behavior of the
modified rate function 1,%,‘; of {B,{‘,’I }nen. Notice that I is a good approximation of I, it
suffices to prove that for each M € N, {uM},cn can asymptotically preserve the LDP of
{B%’[ }r>0, 1.€., the modified rate function / fo ; converges to / M pointwise as t tends to zero.
Similar to [3], under certain convergence condition of numerical approximations, we obtain
lim;_, ¢ Ir%)’; (-) = I™(-). Combining the asymptotical convergence of I to I, we deduce
our main conclusion that the full discretization {uqu }Mm.nen, based on the the spatial spectral
Galerkin approximation and temporal symplectic discretizations, can weakly asymptotically
preserve the LDP of {Br}r-0. That is to say, we obtain a good approximation of the large
deviations rate function of {B7}r-¢ based on the symplectic discretizations. To the best of
our knowledge, this is the first result of approximating the large deviations rate function in
infinite dimensional space based on the numerical discretizations. We partially answer the
open problem proposed by [3].

The paper is organized as follows. In Section 2, some useful notations and preliminaries
are introduced. In Section 3, we give an introduction on the LDP in general topological
vector spaces, and prove that { By )7 satisfies an LDP on H. The weakly asymptotical
preservations of LDP for {Br}7-0 by the spectral Galerkin approximation and the further
full discretizations based on the temporal symplectic discretizations are given in Sections 4
and 5, respectively. Section 6 generalizes the LDP of { By}~ to the case of complex-valued
noises. Future work is discussed in Section 7.

2 Preliminaries

We begin with some notations. Throughout this paper, denote by H* = H*(0, 7) and
H*(0, w; R), the classical Sobolev space of complex-valued functions and the classi-
cal Sobolev space of real-valued functions, respectively. In particular, denote H® =
L?(0,7;C), H)(0,m) = {f € H'(0,7) : f(0) = f(x) = 0}, U° = L?(0,m; R)
and U' = {f € H'(O,7;R) : f(0) = f(xr) = 0}). Endow U! with the inner
product (f, g)y1 = (f.&)yo + (f.&)y0 for any f, g € U'. For a linear operator A
from some Hilbert space onto itself, let 1;(A) be the kth eigenvalue of A. For a com-
plex number z, let Rz and Iz be its real part and imaginary part, respectively. And denote
by i the imaginary unit. Let (U, || - ||y, (-, -)v) and (H, || - ||#, (-, -) 1) be two separable
Hilbert spaces. Denote by ||A|l.«w, ) the operator norm of a bounded linear operator
A: U — H,andespecially set || - || zw) := |l |2, v) for short. Let £,(U, H) denote the
Banach space consisting of all the Hilbert—Schmidt operators from U to H, with the norm

1
1Al 2.1y = (Z,:r;xl’ ||Afk||%_1)2, where { fi}xen is any orthonormal basis of U. Denote
the real inner product by (f, g)g = N foﬂ f(&)g(€)d&, and the complex inner product by

(f.8)c = Jo [(©)§E)dE for f, g € HO.
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For a given M € N, CM denotes the space of M-dimensional complex-valued vectors.
M
Define the inner product on cM by (u, v)r = > (RurRvg + JugSvk), and the norm by
k=1
lul = /{u, u)g forany u = (uy, us, ..., up), v = (v, v2,...,vy) € CY. R = OhP)
stands for |R| < Ch?, for all sufficiently small 7 > 0. f(h) ~ h? means that f (k) and h”
are equivalent infinitesimal. For the random variables X, Y, Var(X) denotes the covariance
operator of X and Cor(X, Y) denotes the correlation operator of X and Y.
In order to investigate the stochastic Schrodinger Eq. 1.1, we introduce the definition and

properties of the noise. Let ex (§) = \/g sin(k€), then {ey }rcn forms an orthonormal basis of

both (HY, (-, )¢) and (U, (-, -)r). Assume that Q is a nonnegative symmetric operator on
U? with finite trace such that Qe = nre for some non-increasing sequence {1y }xen. Then
W has the expansion W(r) = Z,j;xf Mk Br(t)er. O can be extended to H 0 by defining
Of = Q) +i Q3 f) forevery f € H? and the extended operator is still denoted by Q,
if no confusion occurs. Noting that Ae; = —kzek, k=1,2,...,wehave that AQ = QA.

Let S(t) = €''2 be the unitary Co-group generated by i A. The H'-regularity of the exact
solution of Eq. 1.1 is given below (see [1, Propositions 3.1 and 3.5]), which will be used to
establish the exponential tightness of { Br}7-0 in Theorem 2.

Proposition 1 Assume that Q% € Lo(U%, UYY. Then Eq. 1.1 admits a unique mild solution
in H[} (0, ) such that for any t > 0,

t

u(t) = S(uo + iO(/ St —s)dW(s) (2.1)
0

and
Elu@®)|?, < C+0),

where C is a constant dependent on the initial value uy and Q.

Next, we give some results about the property of the distribution of the exact solution
Eq. 2.1. These results are based on the following proposition.

Proposition 2 [7, Proposition 4.28] Let W be a U-valued Q-Wiener process and
JVW O, T; L(z)) denote the set

[cp 10, T] x 2 — B(02(U), H)‘ @ is predicable and

2

T
E/ Hcp(s)oQ% ds<+oo},
0

£ (U,H)

where H is a separable Hilbert space. Assume that @1, Py € JVW O, T, L(z)), then the
correlation operators

V(t,s) = Cor(®@; - W(t), P2- W(s)), t,s €[0,T]
are given by the formula
tAS
Vit,s) = E/(; D (r)Q (D1 (r))*dr.

Here, the operator V (t, s) is defined by
(V(t,s)a,b)yy = E(D1 - W(@),a)y (P2 - W(s),b)y , a,be H.
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It follows from Eq. 2.1 that

ut) = Sug+ia /l (cos((t —s)A)) +isin((t —s)A))dW(s)
0

t

= Suo —« /t sin((t — s)A)dW (s) + ia/ cos((t —s)A)dW (s)
=: S(Duo — aViZin(t) + i Weos (7). ’
Noting that (f, g)g = (N f, Rg)g + (I f, Ig)g. we have that for each h = Rh+iJh € HO,
(), h)r = (SOuo, h)g — o (Wiin (1), Rh)g + & (Weos (1), Sh)g - (2.2)
Hence,
E (u(r), h)g = (S()uo, h)g - (2.3)

It follows from Proposition 2 that

t t

Wein (1) ~ N (0, / sinz((t—s)A)st), Weos(t) ~ AN (o, / cosz((t—s)A)st>,
0 0

(2.4)

t
Cor (Wgin (1), Weos (1)) = / sin((z — s)A) cos((t — s)A)Qds.
0

Using the above formulas and AQ = QA, one has

t
Var (u(t), h)g = o </ sin?((t—s)A) QdsRh, mh>
0 R

t
+o? </ cos>((t —s)A) QdsIh, 3h>
0 R

t
—2a2< / sin((t—S)A)COS((I—S)A)stmh’3h> SR
0

R

Since A is invertible, we have

ro, 1! tI A7
/ sin?((t — s)A)ds = 7/ (I —cos2(t —s)A))ds = — — ——sin(2tA),  (2.6)
0 2Jo 2 4
-1

ro, L[t tI A .
/ cos“((t —s)A)ds = f/ (I +cos2(t —s)A))ds = — + —ssin(2tA), (2.7)
0 2 Jo 2 4

' -1
/ sin(2(t — s)A)ds = AT [I —cos(2tA)]. (2.8)
0

Combining Egs. 2.5, 2.6, 2.7 and 2.8 leads to

ra? o?
Var (u(r). hyg = - ((Q9h. 9th)g + (Q3h, Sh)g) — = [(A’l sin(2tA) Q9h, mh)R

- <A—1 sin(2tA)QSh, 3h>R] 2.9)
1 2tA)) O%h. Sh 2.10
—- (A" (—cos(2r8)) @A, 3h) . (2.10)
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3 LDP for Bt of Stochastic Linear Schrédinger Equation

The theory of large deviations has been applied to many other branches of sciences, for
example statistical physics, finance, engineering information theory ([15, 16]). It is con-
cerned with the exponential decay of probabilities of very rare events, where the decay
rate is characterized by the large deviations rate function. In some cases, large devia-
tions rate functions describe steady rate and fluctuations of physical quantities, such as
the entropy or free energy of statistical systems (see e.g., [9]). In this section, we study
the LDP for {Br}r-0 by means of the abstract Girtner—Ellis theorem. As a corollary,
we give the exponential tail estimate of the mass of Eq. 1.1. Throughout this section,
let Z be a locally convex Hausdorff topological vector space and Z* be its dual
space.

3.1 Introduction to LDP

In this part, we recall some concepts upon LDP and useful theorems and lemmas in studying
the LDP of a family of probability measures. First we introduce the definitions of rate
function and LDP (see e.g., [3]).

Definition 1 A real-valued function I : 2~ — [0, +00] is called a rate function, if it is lower
semicontinuous, i.e., for each a € [0, +00), the level set ! ([0, a]) is a closed subset of Z".
If all level sets /! (0, a]), a € [0, 400), are compact, then [ is called a good rate function.

Definition 2 Let / be a rate function and {u,}.~0 be a family of probability measures on
Z . We say that {u,}¢~0 satisfies an LDP on 2~ with the rate function I if

(LDP 1) limigfalnug(U) > —inf I (U) for every open U C 2,
£—>

(LDP 2) limsup e ln e (C) < —inf I (C) for every closed C C 2.
e—0

Analogously, we say that a family of random variables {Z.}.~o valued on Z  satis-
fies an LDP with the rate function / if the family of distributions {P o Z_ N0 satisfies
the lower bound LDP (LDP1) and upper bound LDP (LDP2) in Definition 2 for the rate
function /.

Generally speaking, we need to investigate the logarithmic moment generating function
and the exponential tightness of {it¢}c~0, when we derive the LDP of {u,}~0. Especially,
if the state space 2~ is finite dimensional, the existence of logarithmic moment generating
function implies the exponential tightness. However, when 2" is infinite dimensional, the
exponential tightness of {i¢}¢~0 can not be ignored.

Definition 3 [8, Page 8] A family of probability measures {u.} on 2 is exponentially tight
if for every @ < 400, there exists a compact set K, C £ such that

limsupelnpu.(KS) < —a. 3.1

e—0

We say that a family of random variables {Z,}.~¢ valued on Z" is exponentially tight if
the family of distributions {P o Z_ !} satisfies Eq. 3.1.
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Remark I 1f {Ky} is a family of pre-compact sets such that Eq. 3.1 holds, then {.} is still
exponential tight. In fact, in this case for any @ < 400, K, is a compact set of 2", and by
K¢ € K one has

limsup e In pe (KS) < limsupeln e (KS) < —a.
e—0 e—>0

Here K, is the closure of K.

Theorem 1 [8, Corollary 4.6.14] Let {itc}e=0 be an exponentially tight family of Borel
probability measures on the locally convex Hausdorff topological vector space Z . Sup-
pose A(-) = limg_0eAy, (-/¢) is finite valued and Gateaux differentiable. Then {ii¢}e0
satisfies the LDP in 2~ with the convex, good rate function A*.

Note that A in the above theorem is called the logarithmic moment generating function

of {ite}e=0. Here, A, () i=1In [, ¥ ®po(dx), ) € 27*, and A*(x) := sup {}'(x) —
Nex*

A}, x € 4 is the Fenchel-Legendre transform of A(-). Theorem 1 can be viewed
as the abstract Girtner—Ellis theorem. The following two lemmas are useful to derive new
LDPs based on a given LDP. The first lemma is also called the contraction principle, which
produces a new LDP on another space based on the known LDP via a continuous mapping.
The second one gives the relationship between the LDP of {i¢}e~0 on £ and that on the
subspaces of 2.

Lemma 1 [8, Theorem 4.2.1] Let % be another Hausdorf{f topological space, f : Z —
% be a continuous function, and I : & — [0, +00] be a good rate function.

(a) Foreachy € %, define
IMEinflIx): xeZ, y=fx}.

Then I is a good rate function on %, where as usual the infimum over the empty set
is taken as +oo.

(b) If I controls the LDP associated with a family of probability measures {¢} on
%, then I controls the LDP associated with the family of probability measures

{,uaof_l}on@.

Lemma 2 [8, Lemma 4.1.5] Let E be a measurable subset of Z such that u.(E) = 1
for all ¢ > 0. Suppose that E is equipped with the topology induced by Z . If E is a
closed subset of 2 and {.}e=0 satisfies the LDP on E with the rate function I, then
{ie}es0 satisfies the LDP on Z~ with the rate function i(y) such that i(y) =1 on E and
f(y) = +4ooon E°.

Proposition 3 [8, Lemma 1.2.15] Let N be a fixed integer. Then, for every a. > 0,
N
limsup e ln (Z aé) = max limsupelna;.

e—0 i—1 i=L..N g0

Proposition 3 is an important tool in deriving (LDP1) and (LDP2). Furthermore, we need
to make use of the following proposition in stochastic calculus.
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Proposition 4 [6, Propostition 1.13] Assume that Q is a nonnegative symmetric operator
on a real separable Hilbert space H with finite trace. Let Ay > Ay > -+ > Ay = -+~
be the eigenvalues of Q Deﬁne the determinant of (I — 2¢ Q) by setting det(I — 2¢ Q)
limy—s 400 [T (1 — 26Ag) = ]_[ (1 — 2ehg). Let p = A(0, Q) be the symmetric
Gaussian measure on H. Then for every ¢ € R,

~ 1—1/2 .
f W31y (dx) = {[det(l_ng)] e (32
H

00, otherwise.
3.2 LDP for {Br}1>0

In this subsection, we show the LDP for {B7}r-¢ of Eq. 1.1 by using Theorem 1, where
Br = @ with u(T') being the solution of Eq. 1.1 at time 7. The regime of Gértner—
Ellis theorem is applicable to the real Banach space. Given that the exact solution {u(¢)};>0
takes values in HY, the space of complex-valued functions, we use the real inner product to
establish the LDP of {B7}7-¢ on HO.

Theorem 2 Assume that Q% € LoUO UYY. Then {Brlr-0 satisfies an LDP on HO with
the good rate function

_1 2 . 1
I(x) = 3 [ 2XHHO’ ifx € Q2 (HD),

+o00, otherwise,

(3.3)

1, . 1
where Q™2 is the pseudo inverse of Q2.

Proof We divide the proof into three steps based on Theorem 1.

Step 1: The logarithmic moment generating function of {Br}r-o on H°

For any A/ € (H")*, by the Riesz representation theorem, there is a unique » € H° such
that A'(x) = (x, A)p, x € HPO. Since (u(r), M) is Gaussian, it follows from Egs. 2.3 and
2.9 that for any ' € (H%)*,

1
AG) = lim ~InEe"BT V% = fim L pEelT)0z
T— 400 T—+o0o T
1 1
= lim — [E<M(T),A>R+Var(u(T),A)R}
T—+oo T 2

“Z Q%A M)k + (OIA, SA)R)

o? 12
Tl G

where we use the facts lIsin(t A)l| o0y < 1, llcos(tA) [l g0y < 1and | A~

ThUS, A()\) < T”Q ”g(HU)

differentiable with the derivative being ZA(L)(-) = "‘7 (O, g forany A’ € (H%)*, which
implies that A is also Gateaux differentiable.

”f(HO) =1
||A||H0 < +oo forany ) € (H%*. In addition, A is Fréchet
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Step 2: Exponential tightness of {Br}r=9 on H°
By the definition of the exponential tightness (see Definition 3) and Remark 1, it suffices to
show that there exists a family of pre-compact sets {K; }1~o of H? such that

1
lim limsup —InP (Br € Kf) = —oo. (3.5)
L4007 400

Since Q% € L,(U°, UY), the exact solution u is well-posed in H 1 by Proposition 1. Define
Kp={rer: Iflm=L]cH’, L>o,

which is a family of closed sets of H!. Since H' is compactly embedded into H? (see e.g.,
[13, Theorem 12.30]), {K1}1~0 is a family of pre-compact sets of HO. Hence, in order to
verify the exponential tightness of {Br}r-0 on H 0 it suffices to prove that Eq. 3.5 holds
for such {K;}1~0.

Recall that u(T) = S(T)up — aWiin(T) + i Weos(T), which gives

P(Br € Ki) =P ([lu(T)ll;n > LT)

TL TL
< P<||S(T)“O||Hl > T) +P<05||Wsin(T)||U1 > T)

TL
+P (ol Weos (T) [l 1 > =5 ) (3.6)
Since the first term in Eq. 3.6 is O for sufficiently large 7', we only need to estimate the
second and third terms in Eq. 3.6.

Denote m; = 1 ex, k = 1,2,...Itis known that {my}ien is an orthonormal basis

A 14k2
of (U, (-, )y1). Define the operator Q € Z(U") by Qmy = ni(1 + kHmy, k = 1,2, ...

. . . . 1
Then Q is a nonnegative symmetric operator on U I Since 02 € AU, U'), we have

+oo +o0 +o00o . .
Yo+ =Y mllexlly =Y 1% exlfn = 10213, o g1y < +00, B
k=1 k=1 k=1

which means that the trace of Q is finite. Notice that for any r > 0,

—+00 ~+00 +o00
W) =Y ke = Y Jne(l + Kmeit) = Y QEmefi (),
k=1 k=1 k=1

and the series on the right-hand side of the above formula converges in L>(2,.%,P; U")
due to Eq. 3.7. Therefore, the U°-valued Q-Wiener process W coincides with the U !-valued
Q-Wiener process. Then it follows Proposition 2 that

T 1
Wein (T) ~ N (0, / sinz((T—s)A)st) - (o, (%—A%QTA)) Q) onU'.
0

Further, it holds that

Wiin(T) I A7'sin(2TA) X
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By Markov’s inequality, for each ¢ > 0,

P We (T TL —P Wsin(T)
((X” sin ( )”Ul > T) = T

JT

I’(exp[e‘ Wein(T)

Ul 3ot

2 eTL?
> ex

U! p 90(2

2
} . (3.9

)

JT

IA

Wiin (T)
JT

_eTL?
e %2 Eexpie
U!

Using the fact [sin(-)| < | - | and Eq. 3.7, we have that i ((g _ %) @) -

(% — %) k(1 + k%) < Q) < C@Q), k = 1,2,..., for some positive constant

C(Q). It follows from Proposition 4 that for each ¢ € (0, ﬁ((@)),
1

Wan > | [ (, . (I A 'sin@TA)
Eexp{s“ JT U1] = _det (I 2¢e (5 —ar )Q)]
(400 1 s -7
= (-2 ((5- 25072 ))
I 2 4T

e _
< ﬂu—%M@ﬂ

Lk=1

Nl—=

ol —

[det(I — 26Q)]"2 =: C(e, Q). (3.10)

Combining Eq. 3.10 with Eq. 3.9 yields

. 1 TL . 1 _eTL?
hmsup?InP || Wsin(T) || 1 >T 511msup?1n e %’ C(e,Q)

T—+o00 T— 400
eL?
=02 3.11
9q2 ( )
In addition, it holds that
Weos(T) I A7 'sin@2T A) |
~ N0, _ onU".
JT * 4T Q
1 ) )
Then iy ((g + A*T@“)) @) =1 (1 4 SnQTEY >) Mm(@Q) < Q) < C(Q). Analo-
gous to the proof of Eq. 3.11, one has that for any ¢ € (0, m),

N |

eL?

92 (3.12)

. 1 TL
limsup — InP | a[|Weos (T) I3 > — ) <
T—+o00 T 3

Combining Egs. 3.11, 3.12, 3.6 and Proposition 3, we obtain

{ eL? ELZ}_ eL?

. 1
limsup — InP (Br € K{) < max 002 o7 ~oa7

T—+o00
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Accordingly, we have

lim limsup — lnP(BT € Kj) = —oo0, (3.13)
L—+oo 75400
which proves the exponential tightness of {Br}r-o on H 0
Due to Theorem 1, { By }7~¢ satisfies an LDP on H 0 with the good rate function / (x) :=
sup {(M(x) — A}, x € 4, i.e., the Fenchel-Legendre transform of A. It remains to
)\./ *
giif:gthe explicit expression of the rate function /.
Step 3: The explicit expression of I
We will show that the rate function 7 is given by Eq. 3.3, whose valid domain Q% (HY
is identified by means of the properties of the reproducing kernel Hilbert space (RKHS)
associated to the Gaussian measure A (0, Q). For this end, we recall the concept of
reproducing kernel Hilbert space. Let i be a centered Gaussian measure on a separable
Banach space E. An arbitrary ¢ € E* can be identified with an element of the Hilbert

space L%(n) := L*(E, B(E), 1; R). Denote by E* = E* L2G0 the closure of E* in L2(u).
Define a mapping J : E* — E by setting

1) = [ roonin v g
E
Then the image .7, of J in E, ¢, = J(E*) is the RKHS of x with the scalar product
(@), J(W)) sz, / PP (x)pu(dx).

Further, if u = A4(0, é) is a Gaussian measure on some Hilbert space H with é being a
nonnegative symmetric operator with finite trace, then the RKHS 57, of u is 5], = é 3 (H)

with the norm || x|z, = || é’%xllH. We refer to [7, Section 2.2.2] for more details of the
RKHS.

L2
In our case, u = A4 (0, Q) on (HO, Il - ||H0)- The mapping J : (H%)* "

— HOis
J(h):/ zh(z)u(dz).
HO

LZ
Then 7, = J ((HO)* (u)) = Q%(HO). It follows from the properties of Gaussian

measure that

11220 = /HO (o x)2 u(dx) = {Qh Mg ”Qm”

2
Thus, AG/) = % | @34] =4 %]}, Recall that

I(x)= sup {M(x)—AQ)}.
)JE(HO)*

For a given x € HO if I(x) < +oo0, then there exists a constant C(x) < oo such
that A'(x) < « HA’ ” + C(x) for any A’ € (H%*. Define the linear functional x** on

L2(u)
——L*(w)
((HO)*, ”'”L2(M)) C (HY* : by x**(1) = A'(x), for every A’ € (H")*. Then we have
sup X)) < % + C(x). It means that x™* is a bounded linear functional on
KE(HOY, X2, <1
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((H%*, Il 12 )- By Hahn—Banach theorem and the fact that ((H%)*, ||| 12(,) is dense in
L( 2(w)

) . ——L% (1) ——L
(HO)* , X*™* can be uniquely extended to (H%)* . (In fact, foreach A’ € (H%)*
take A/, € (H%)* such that A/ — 1’ in the norm |- 12(u)- Then the extended functional
is x** (1)) = lim,— 400 x**(1},).) The extended functional is still denoted by x**. In this
way, for every x € HY satisfying I(x) < 400, we obtain a bounded linear functional

L2
on (H%)* w such that x**(1") = A/(x) for each A’ € (H")*. By Riesz representation

T
theorem, there exists some h € (HY)* & such that x**(1/) = <)J, h> for each A/ €

L2(1)

L2
(HO)* W Hence, A/(x) = (X', h) for each A’ € (H®)*. Further, we have that

L2()
A/(x)Z/ h(@QN (@)u(dz) =N </ zh(z),u(dz)) =N(J(h) VA e HY"
HO HO

By the arbitrariness of A', x = J(h). Hence, I(x) < +oo implies that x € J7, =
L2
J ((HO)* (M)) = Im(Q%), where Im(Q%) is the image of Q%.

L2
On the other hand, if H® 5 x = J(h) for some h € (H%)* (u), then

2
(24 2
I(x) = 1(J(h)) = sup {)J(J(h)) - — HA’HLZ( )]
A/E(HO)* 4 H
[ i~ 5 1 g |
= Ssup )2y — 2 .
Ve(HOy 2w~ g4 L2 ()
Noting the continuity of ()J, h>L2(M) - % ||)J ”iz(u) with respect to A" in the norm [|-[| 2,
12
and that ((HO)*, ”'”Lz(u)) is dense in (HO)* (u)’ we have
o? 2
I()C) - SupL2 {(gv h)LZ(p,) - Z ||gI|L2(#)}
e ne g ()
g<(H®)
1 [a? 2 2 2 o? 2
= SupLZ( ) {5 [2 ”g”Lz(/,() + ? ”h”LZ(M) - I ”g”LZ(M)
geH)" "
1 2
= E ||h||L2([,l.) .
Taking g = %h leads to I (x) > ﬁ ||h||iz(m. Thus, we obtain
16) = — 12, = = i3, = — |0t 3.14
() = =5 132 = = Inl%, = — |07 2| . (3.14)
which gives Eq. 3.3.
Combining the results in Steps 1-3, we complete the proof. O

Similar to the proof of [1, Proposition 3.1], we obtain E||u(T)||12qO = E||uo||%10 +
oeztr(Q)T, where tr(Q) = ZZ’;’T nk. Then, by Markov’s inequality, one has that for each
R > 0 and sufficiently large T

Ellu(T)|?
P (Iu(T)%0 = T2R?) < HO

(o
ST ST 619
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for some constant C independent of 7. In what follows, we show that the probability of the
tail event of the mass ||u(T) ||20 in Eq. 3.15 can be exponentially small. More precisely, by
Lemma 1 and Theorem 2, we immediately obtain the LDP of {|| Br|| Ho}
the following corollary.

750° which yields

Corollary 1 Let the assumptions of Proposition 1 hold. If Q is an injection, then it holds
that

(1) {|| Bt go }T>0 satisfies an LDP on RY := [0, 4+-00) with the good rate function

I .

J) == inf lzl3e. ¥y =0.
zeHY, Q22| =y

HO

(2) Forevery R > 0and e > 0, there is some Ty such that

P ()13 = T2R2) = P(IBT) o = R)

IA

exp {—T (;122 J(y) — 8)} VT >Ty, (3.16)

and infz J(y) € (0, +00).
y=

Proof (1) Since the mapping || - || o : H? — R* is continuous, it follows from Lemma 1
and Theorem 2 that {|| Br || o} ,._, satisfies an LDP on R™ with the good rate function
J(y) = . inf I(x) = 1 inf 1(x)
xeH lxll o=y X€Q7 (HO), |Ixll o=y
1 . _1 2
L ol
o 1 HO
x€Q2(HY), |lxll zo=y
1 .
= inf el
zeHY, Q22| =y
HO

where we have used the assumption that Q is an injection in the last step. This proves the
first conclusion. .
(2) Clearly, the set [z e H°, H szH 0 = y] is nonempty for every y > 0. Hence,
H

J(y) < 4oo for every y > 0. Accordingly, in‘f2 J(y) < 4oo for each R > 0. In addition,
y=

we claim J(y) > O for each y > 0. In fact, if for some yp > 0, J(y9) = O, then there

. 1 .
is a sequence {z,}nen € HY such that H 02z, HHO = yo and lznll o = 0. Noting
n

lim
—+00

1, . . 1
that Q2 is a continuous operator, then we have yg = llT H Q2z,
n— 400

a contradiction. Hence, we prove the claim. Using the fact that a good rate function can

achieve its infimum on every nonempty closed set (see e.g., [8, Page 4]), we have that for

each R > 0, there is some yg > R such that ing2 J(y) = J(yg) > 0. It remains to prove
y=

Eq. 3.16. Since {[| B7 |l o}
each fixed R > 0,

= 0, which yields
HO
720 satisfies the LDP with the rate function J, we obtain that for

1 T
limsup — InP <w > R) < — inf J(y).
y=

T— 400
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The above formula implies that for every ¢ > 0, there is a Ty > 0 such that
1 lu(T)H || o .
?lnP(# >R < —;ggj(y)Jrs VT > Tp.
Hence we have that
T
p (||u(T)||§10 > T2R2> —p <M zR) <exp {—T (inf J(y) — e) } VT >T.
T y>R

This completes the proof.

O

Remark 2 For sufficiently large L > 0, one can always find R and T such that 7> R?

L. Then by Eq. 3.16 one has that P(||u(T)||§1,0 > L) < P(||u(T)||§1,0 > T2R2)

exp {—T (infyz rJ(Y) — 8) } This indicates that the probability of the tail event of the mass
of Eq. 1.1 is exponentially small on a sufficiently large time.

IAIA

4 LDP for the Spatial Spectral Galerkin Approximation

In the previous section, we derive the LDP of { By }r~ for the continuous system Eq. 1.1. In
order to obtain a valid approximation for the rate function I of { Bt }r~0, we apply the spatial
spectral Galerkin method to Eq. 1.1, and study the LDP of {B%” }r>0 of spectral Galerkin
approximation. Here, B%’I is a discrete approximation of By, which will be specified later.
For M € N, we define the finite dimensional subspace Hys := span{ej,ea, ..., ey} of
(H®, (-, )¢) and the projection operator Py : HY - Hy by Pyx = ZII{VIZI (x, ex)cex for
each x € HY. Then Py is also a projection operator from (U 0, (-, -)r) onto Uy such that
Pyx = Z,’y:l (x, ex)rex foreach x € U° Denote Ay = APy. Using the above notations,
we get the following spectral Galerkin approximation:

duM(t) = i Ayu™ ()dt +ia PydW(t), t>0, .1
uM(0) = Pyug € Hy.

It is verified that Eq. 4.1 admits a unique mild solution on Hy, given by
t
uM () = Sy (Hu™(0) + i / Sm(t — ) PyudW(s), 4.2)
0

where Sy (1) = e!'2¥ is the unitary Co-group generated by i A .

M
For the spatial discretization Eq. 4.1, we define B;” = ”T(T) which is viewed as a

discrete approximation for Br. In what follows, we study the LDP of {B;” }r~0 and whether
{uM} pren can asymptotically preserve the LDP of By

4.1 LDPfor {BM}r.¢

Following the ideas of deriving the LDP of {Br}r-0, in this part, we give the LDP of
{B%l }r>o0. For this end, we first consider the logarithmic moment generating function

AM@) = TETOO % InEexp {T (2, B}TW>R}, for each A € Hy;. Then, we study the expo-

nential tightness of {B% }r>0. Finally, by means of Theorem 1, we obtain the LDP of

{B%’I }r>0. Hereafter we use the notation K (ay, . .., a,) to denote some constant dependent
on the parameters ay, .. ., a, but independent of 7 and N, which may vary from one line
to another.
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Theorem 3 For each fixed M € N, {B%’[ }
function IM (-) given by

70 Satisfies an LDP on H 0 with the good rate

12

QMZX

1
e i 2 (HO
IM()C): o? H07 l.f-x € QM(H )5

+00, otherwise,

4.3)
_1 1 _
where Qy = QPy and Q,; is the pseudo inverse of Q;, on Hy, ie, Q) x =

1
argmin {||z||Ho :z€ Hy, Q;,Iz = x}foreveryx € Hy.
Z

Proof Noting that Sps(¢) = cos(tAyr) + i sin(tApy), we have
T
uM(Ty = Sy (THuM™ ) — 01/ sin((T — 5)A ) Pyyd W (s)
0

T
+ia/ cos((T — $)Ap) PyrdW (s)
0

=: Sy (TuM©) —aWM

sin

(T) + ia WM (T). (4.4)

Notice that for each T > 0, Wsji"rll(T) is a Gaussian random variable taking values on

(U, (-, -)r). By Proposition 2, the covariance operator Var (WM(T)) of WM(T) is

sin sin

T
Var(WX (7)) = / sin?((T — s)Apy) Quds
0

Om (T
<, [ — cos(2(T — s)Am)lds

TOu QuA},

=== sinT Ay), 4.5)
where Oy = Q Py. Similarly, we have that
WM (T) ~ A0, Var(WM (T)))  on Uy (4.6)
with Var(WCA(’,’S(T)) = % + %QMA;,I sin(2T Aps). And the correlation operator
Cor (WM (T), WM(T)) is
A_]
Cor (Wsji‘fl(T), WC{{S(T)) = QMTM [1 — cos2T Ay)]. 4.7

For each A € Hy, we write it as A = RA + iIA with RA, I € Uys. Then by Eq. 4.4,
WM (7). 2z = (Sw (D 00, 1)z — o (WD), M) +a(WHT).32) . @8)

Hence, we obtain

E@ (1), 2| = (S (Tu 0), 2)r| = K. 4.9)
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It follows from Eqs. 4.5, 4.6, 4.7 and 4.8 that

Var (™ (T), Mz
_ anar<WM 1), m)R + aZVar<WCAgS(T), sx)R

sin

sin Cos

202 Cor ((WM(T), m)R : <WM (1), SA>R)

= o (Var(Wih(T)9iz, m>R +a? (Var(WA(T)¥, sx)R

sin

—2a? <COr(WS§‘§(T), WM Ty, M>R
QT 2T

2
. " ~ o -1 % 1
= S5 (QmIA ) + o (QuSh ShR — <QMAM1 Sin(2T Ap)RA, m)R

2 2
+% <QMA;4l Sin(2T Ay, m)R - “7 <QMA,;,‘ (I — cos2T Ayp)) R, m)R
o’T o’T -
= —— (Qw O, Mg + —— (Qud%, SA)g + R(T) (4.10)

with |R(T)| < K(M, X). Using Egs. 4.9 and 4.10, we have that, for every A € Hyy,

AMGY = fim BT A = fim L I Eelt” (DA
T—+00 T—+o0
1 1

— lim — E(MT,A> V. (MT,A>
T—1>I—I¢—100T<u() w v A,
1 (a? o? ~1

= 5 | 7 (@A, M) + — (QuI%, Sh)g
o? 3 2

== Al
4 QM HO

Analogous to the proof of Eq. 3.14, we have

1

-
My @) = sup {000 — Ao = “ZHQMZX
AeHy

2 1

. ifx € QF (Hu),
HO
+00, otherwise.

Next, we show that { B} } . is exponentially tight. Define K = {f € Hy : || f|lgo <
L}, then K is the compact subset of Hy,. It follows from Eq. 4.4 that

P(B% c Kg)) —Pp (||uM(T)||Ho > TL)
” TL M TL
< P{IISu(Tug [l go > KN +P | al|Wg, (T)llyo > 3
” TL
+P (@l Wi (Dllyo > =) - 4.11)

By Eq. 4.5, we have

wM(T) I Ay'sinRTAy)
. ~w<o, (2— | Qu on Uy. (4.12)
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Hence, we obtain

WM (T) 1 sin(2Tk?) 1 sin(2Tk2)
¢ (Var< JT )) <2 ATK? >”" 2 ( 2TK? )”k =

k=1,2,...., M.
Forevery 0 < ¢ < 217, it follows from Proposition 4 that

2 _1
WM (T) WM (T) ’ I
Eexp { ¢ || —=2— = |det| ] —2¢Var | 22— < [det(I —2eQm)]" 2
P T |0 JT
= C(e, Om).
The above formula yields
2
TL wM(T) eTL?
P<a||WM(T)|| 0>7> =P |exp{e|———= Xp{i}
sin U 3 «/T U0 9q2
S5 g Wi “5E Cle, Qu). (413)
<e % eXpiré|—— <e % g, Um). (4.
VT | o
Similarly, one has
% TL _erL?
P(auWCOS(T)nUo > 7) < % Cle, Qum)- 4.14)
According to Proposition 3, Egs. 4.13 and 4.14, we have
1 : L? 1
limsup—lnP(B%eKi)g—g—z, O<e<—,
T—o+oo I 9 2n

where we have used the fact that P (||S M(T)ug” I zo > %) = 0 for sufficiently large T.
Then, we obtain

. . 1 M c
lim hmsup?lnP<BT € KL) = —00,

L—+oo 75400

which implies the exponential tightness of {B/TV’ }T>0.

Notice that AM(-) is Fréchet differentiable and Z2AM (A)(-) = % (QmA, ) for each

A € Hy. Then it follows from Theorem 1 that {B}!},._ satisfies an LDP on Hy with the
good rate function

2

1
~ % if 3 (H.
IM()C) _ (AM)*(X) _ @2 40 , 1I'x e QM( 1M),

+00, x € Hy \ Q},(Hy).

_1
QM2x

Clearly, Hy, is the closed subspace of H° and for each T > 0, P(B%” € HM)y = 1. Thus,

1 1
using Lemma 2 and the fact Qj,[(HM) = Q;,I(HO), we conclude that {B’TV’ } 70 satisfies an
LDP on H° with the good rate function

2 1
, ifx e QF(HY),

1
1 2
IM(X) — o2 QM X 40

+00, otherwise.
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The proof is complete. O
4.2 Weakly Asymptotical Preservation for the LDP of {Br} 1.0

In the last subsection, we obtain the LDP for { B%’I }7>0 of the spectral Galerkin approxi-
mation {u™ (T)}7-o. It is natural to consider whether I converges to / pointwise as M
tends to infinity. In [3], authors give the definition of asymptotical preservation for the LDP
of the original system, i.e., the discrete rate functions of numerical methods colnverge to

that of the original system in the pointwise sense. In our case, since generally Q?VI(H 0y ;

1 . o
Q2 (HY), it can not be assured that I™ converges to I pointwise. However, the sequence

1
{QfW(HO)}
MeN

each x € H. It is hoped that I™ is a good approximation of I when M is large enough.
Thus, we give the following definition.

1 . . i 1
of sets converges to Q2 (H?) in the sense that lim Qjx = Q2x for
M— 400

e . .. . M M _ uM()
Definition 4 For a spatial semi-discretization {u" }pren of Eq. 1.1, denote By = =~ .

Assume that {B%” }r=0 satisfies an LDP on H® with the rate function I™ for all sufficiently
large M. Then we say that {u™} ;e weakly asymptotically preserves the LDP of {Br}7-0

if for each x € Q% (H®) and ¢ > 0, there exist xo € H and M € N such that
llx — xoll o < &, 1(x) — 1M (x0)| < &, (4.15)
where I is the rate function of {B7}7-¢.

Theorem 4 Let the assumption of Theorem 2 hold. For the spectral Galerkin approximation
Eq. 4.1, {u™} yen weakly asymptotically preserves the LDP of { By Y70, i.e., Eq. 4.15 holds.

Proof This problem is discussed in the following two cases. Note that {ni}xen are the
eigenvalues of Q.

Case 1: There are infinitely many 0 in {n}ren, Le., for somel € N, ny > ni11 = N2 =
R—Y
For this case, O degenerates to a finite-rank operator. If M > [, then Oy = Q. Hence, it
holds that 7™ (x) = I (x) for every x € HO, which implies Eq. 4.15. We say that {u™}yen
exactly preserves the LDP of {B7}r¢ for this case (see [3, Definition 4.1]).

Case 2: There are finitely many 0 in {ng }xeN.

Notice that for each finite M € N, n; > ny > --- > ny > 0. We denote y = Q_%x and

1
define xy := Q},y. Further, we have

_1 1
QMZXM argmin {||z||Ho 1z € Hy, Qi/lz = xM}
z

1 1
argmin [IlzllHo 1 z€ Hy, Q2z= QfPMy]
Zz
argmin{||zllgo : z € Hu, /(2 ex)c = (v, ex)c, k=1,2..., M}

= PMy.
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The above formula yields

1
li ™ —Ix)|=—= 1 PuylZo — IIylZo| = 0. 4.16
phim (xm) — 1 (x) o yim 1 Pryllio — 11y Ilgo (4.16)
In addition, it holds that
1 1 1
li = 1 2y = 1 P 2y=02y = x. 4.17
Mi?oo M Mi?oo QMy Mirgw 0 Y Q ) * ( )

Thus, it follows from Eqs. 4.16 and 4.17 that for each x € Q% (HO) and ¢ > 0, there exist
1
sufficiently large M and xp = Q;,I (Q_%x) such that Eq. 4.15 holds.

Combining Case 1 and Case 2, we complete the proof. O

Remark 3 As is seen in the proof of Theorem 4, for every x € Q% (H) and sufficiently

1
large M, IM(Q;[ Q_%x) is a good approximation of 7 (x).

5 LDP by Spatio-Temporal Full Discretization

In this section, we investigate the LDP for the full discretizations, spatially by the spectral
Galerkin method and temporally by the symplectic methods or non-symplectic ones. We
show that the full discretization weakly asymptotically preserves the LDP of { By }7r-0 when
using a symplectic method in temporal direction, while it does not share this property for
a temporal non-symplectic method. These results indicate that the modified rate function
of the full discretization, based on the spatial spectral Galerkin method and a temporal
symplectic method, is a good approximation of /.

5.1 Full Discretization

Since the spectral Galerkin approximation {uM (t)};>0 takes values in Hyy, it holds that
uM@) = YL (uM (), ex)oex. Denote UM (1) = (™), er). (WM (1) e2) .-,
<uM(t), eM>(C)T. Let UM-*(¢) be the kth component of UM (¢). It follows from Eq. 4.1 that
dUM* 1)y = —ik2UM* (0)dt + ia/mrdBr (1), k=1,2,..., M.
Then, we obtain a C¥ -valued SDE
dUM @ty = —i. UM (1)dt + ia 2dB (1),

where . = diag (1,2%,..., M?) e RM*M | @ = diag (1, 72, - .., /TIm) € RN,
and (1) = (B1(t), Ba(t), ..., Bu(t))" € RM. Further, using the notation UM (1) =
PM@ty +iQM(r) with PM(t) = RUM () and QM (r) = JIUM(r), we obtain a 2M-
dimensional stochastic Hamiltonian system

dPM@)y = . OM (1)dt, PM(0) = RUM(0) =: pY,

doM ) = —# PM(t)dt + « 2dB(1), OM(0) = IUM(0) =: ¢M, (5.1)
which is equivalent to the system Eq. 4.1 with (uM(t), ek)c = PMk@y i QMK (1), where
PM-K and QM-* are the kth arguments of PM and QM respectively. In fact, the phase flow
of Eq. 5.1 preserves the stochastic symplecticity, i.e.,

dPMyndoM @) =dpM AdgM, >0, as., (5.2)
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which means that the oriented area of the projections of the phase flow onto the coordinate
planes (p™, gM) is invariant. Note that the differentials in Eqs. 5.1 and 5.2 have differ-
ent meanings. In Eq. 5.1, PM, QM are treated as functions of time, and p™, g™ are fixed
vectors, while in Eq. 5.2 the differential is made with respect to the coordinate (p™, g™).
A stochastic numerical method preserving the stochastic symplectic structure is called the
stochastic symplectic discretization. We refer interested readers to [2, 4, 10, 11] and ref-
erences therein for more discussions on stochastic symplectic discretizations of stochastic
Schrodinger equations.

In order to obtain the numerical method for Eq. 4.1, we only need to consider discretizing
the equivalent system Eq. 5.1. Denote by {( pM g )}n <y the numerical approximation of

{(PM(t), QM(t))}t>0. Let F be the linear function from CM to H? defined by

M
F@) =) wer. Vz=(1.22.....2m) € CM. (5.3)
k=1

Then we obtain the numerical solution {uﬁ” tnen with u,’,” = F (pf,” +i q,’l"l ). Further, we

M
define B,’:,” = ’1% (see [3]), where 7 is the temporal stepsize. Then B,{‘,” is a discrete approx-
imation of Br. To give the LDP for {B% }NeN, our idea is to first investigate the LDP of
M, M
{AM}yen, where AY = PNFUN. Then noting that BY = F(A%), combining the LDP of
{AAN’I }ven on CM and the contraction principle (Lemma 1), we derive the LDP of {B 1[\‘,’1 }NeN-
More precisely, we divide Eq. 5.1 into the following M subsystems

M.k Mk
d(gwg;) _ 2 (_01 é) (ngZ;) dt + (?) dBi(1), k=1,2,....M, (5.4)

where oy = o /mk, k =1,2,...,M.Foreachk € {1,2,..., M}, we consider the general
numerical method in the following form

k
Pash an (k1) ap®®0)\ [ pa"* b1 (k27)
= + o 3Bk (5.5)
gy axn (k*t) an(k) | \ gM* b (k*7)
where 8Bk, = Br(thy1) — Br(ty) with t, = nt, n = 1,2,..., and functions a;;, b; :

[0, 4+00) — R, i, j = 1, 2 are continuous and determined by a concrete numerical method.

In addition, we require b% (h) + bg(h) # 0 for all sufficiently small 4. Hence, we finally

M.,k
)

obtain the numerical solution {(pfl” , q,{” )} generated by Eq. 5.5, with (p,[,w ’k, qn

neN
being the kth component of ( p,}lw , q,},"’ ),n=1,2,... By defining functions
ari(h) aiz(h) bi(h)
A(h) = , B(h) := Vh>D0, (5.6)
az1(h) axn(h) by (h)
we rewrite Eq. 5.5 as
M.k M.,k
pn+1 Pn
= A(k*7) + axB(*T)8Bkn, n=0,1,2,... (5.7
M.k Mk
dp+1 qn

s Mk | . Mk
with py" " +iqy " = <uM(0), ek)(C'
Next we introduce some concrete temporal discretizations taking the form of Eq. 5.7.
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Example 1 (Midpoint Scheme) Applying the midpoint scheme to Eq. 4.1 yields

1
u = ) + SiTAy (uh + ) +iaPydWo, n=0,1,2,...

with

1 4—h? 4h 2 h
1 R 1 I
A(h).—4+h2< _an 4_h2>, B(h).—74+h2(2> Vh>0.

Here §W,, := W(t,+1) — W(t,).

Example 2 (Exponential Euler Method) The exponential Euler method for Eq. 4.1 is
ul | = Su@ul +iaSy(t)PudW,, n=0,1,2,...
with

2.,y ._ [ cos(h) sin(h) 2, . sin(h)
A"() = (—sin(h) cos(h) ) B () := (cos(h)) vh>0.

Example 3 (Implicit Euler-Maruyama Scheme) The implicit Euler-Maruyama scheme
for Eq. 4.1 reads
uﬁ’il :uﬁ/l—l—irAMuﬁ_l + i PysW,, n=0,1,2,...

with

1 1 h 1 h
3 . 3 .
A(h).—i1 h2< hl)’ B(h).—1 h2(1> Yh>DO0.

Next, we give our main assumptions on functions A and B, which will be used to derive

the LDP of {B}'}, -

Assumption 1 There is some /; > 0 such that
4det(A(h)) — (tr(A(W)> >0, Vh < h,

where tr(A) and det(A) denote the trace and the determinant of A, respectively.

We will use Assumption 1 to give the general expression of [( p,],w ok q,llw ’k> } N of the
ne

method Eq. 5.5, following the idea of [3]. Hereafter, we always fix some k € {1,2, ..., M}
without extra statement. It follows from the recurrence formula Eq. 5.7 that

p,/;’l,k n p(/)V’,k n-l n—j—1
( ) = (A(kzr)) ( ) +ar Y (A(kzr)) BU(0)SB;.  n=0,12...
Mk
q

0 j=0
Let 6 € (0, ) be the parameter such that

tr(A(k%7)) . \/4 det(A(k21)) — (tr(A(k21)))2
_— sin(6y) = .
2/ det(A(k%7)) 2/ det(A(k%7))
Then under Assumption 1, one has (also see [3, Sect. 3]) that for sufficiently small 7,

( , )n —det(A(K*1)&r_| +an(kval  aptPoal
AKPT)) = ,

az (k*7)&k ak, | —an(k®o)ak

cos(6y) =

(5.8)
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n—1
where &ﬁ = [det(A(kzt))] 2 sin(nby)/ sin(6;). In this way, we obtain the following

expression of the general formula of l ( pMk Mk ) } .
ne

A k k
p’/:/l,k - det(A)ot,, 1P0 +a,’§ (allpéw’ +alzqéw’ )

oy Z [ det(A)&t Ly b1 + (@b +anbdl_y_ oy (59)

and
M.k ~k M.k ~k ~k M.k
q4n = = aZIanpO +o n+lq0 —ClllOlan
n—1
tox Y @by = anbal_ + badk_ o, (5.10)
j=0

where det(A), a;;, b;, i, j = 1, 2, are computed at k27. For convenience, when no confusion
occurs, we always omit the argument k%7 in det(A), a;j, bi, i, j =1,2.

Assumption 2 There is some /4, > 0 such that for all 4 < hj, det(A(h)) = 1.

One can show that the numerical method generated by Eq. 5.5 is symplectic if and only
if Assumption 2 holds. In fact, {( pM M )}neN generated by Eq. 5.5 is symplectic for all

sufficiently small T > 0 if and only if for all sufficiently small = > O, dpr’l"fr A dq}ﬁ 1=
dpM A dgM.ie.,

Mk
den+l/\dqn+l_zdp n=12,...

According to Eq. 5.5, it holds that dp”! +’1 A dgM +’1 = (a1 (k*D)an(k*t) — app(K*1)az

(k21:)) dp,l,u’k A dq,ﬁu ok, Hence, the method generated by Eq. 5.5 is symplectic for all
sufficiently small ¢ > 0 if and only if for all sufficiently small t > 0,k =1,2,..., M,

a1 (R 0)an(k?t) — apk*t)ax k) = 1,
which is equivalent to that there is some /¢ > 0 such that
ari(haxn(h) —ain(hazi(h) =1, Vh < ho,

i.e., Assumption 2 holds.

Assumption 3 There exist n € (0, 1) and 23 > 0 such that

le()| < (1 — m)a(bh), Yh < hs.

Here, functions a, b, ¢ : [0, +00) — R are defined by

a = (ay1b1 + ainby — b)* + bi(a11by + abr)(2 — tr(A)),
b = (a1by — arby + b2)* — ba(az1by — a11b2)(2 — tr(A)),

1 1
¢ = 3 (anbi = anby) bitr(A) + bib <5<tr<A>)2 - 1)

1
—(a11by + anby) (a21by — ayby) — Etf(A) (ai1br +anb2) bs.
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Assumption 3 is used to give the explicit expression of the rate functions of { Al)\,” InveN
and {B% }nen. In fact, a(h), b(h) > O for sufficiently small &, whose proof is similar to
those of Lemmas 3.3 and 5.1 in [3]. In addition, we have the following property.

Remark 4 Under Assumption 2, ¢ = 91592 [a13b3 — az b7 + bibs (a1 — an)].

This is because under Assumption 2, det(A) = ajjazy —ajpaz; = 1. Then it follows that

1 1
c =0 (56121&(14) - auazl) + b3 (61116112 - Eamr(m)

1
+b1b> E(tr(A))Z —1—(anaz —al) — antr(A)]

1 1
= b% <§a21tr(A) - allazl) + b% (allalz — Ealztr(A)>

1
+b1b; E(an —ap)? +anan — apay — 1]

a —a
= %22 [anb% —an bt +biby (an — “22)] '

When we investigate the LDP of {B 1’\‘,” }NeN via temporal non-symplectic methods, we give
the following assumption (see [3]).

Assumption 4 There is some /4 > 0 such that for all & < hy, det(A(h)) < 1.

In addition, when investigating the asymptotical preservation of {uﬁ” } u for the LDP
. . . . 7’1€N .
of {Br}7~0, we give the following assumption concerning the convergence of the numerical
method.

Assumption 5 |ai — 1|+|ax — 1|+]aiz — hl+laz +h| = O(h?), and |by|+|by — 1| =
O(h).

One can prove that under Assumption 5, {(p)/.¢)")} _ corresponding to Eq. 5.5
converges to Eq. 5.1 with at least mean-square order 1. For more details, one refers to [3].

It is verified that the methods in Examples 1 and 2 are symplectic and satisfy Assump-
tions 1-3 and 5. And the method in Example 3 is non-symplectic satisfying Assumptions 1
and 4.

To characterize the asymptotical preservation of {ufl” }m.nen for the LDP of {Br}r-o0,
we give the following definition (see [3] for the similar definition).

Definition 5 For a spatio-temporal full discretization {u}} s ,en of Eq. 1.1 with temporal
stepsize 7, denote BM — # Assume that for each fixed M € N, {BIA\}’ }neN satisfies an
LDP on H? with the rate function I™-7. We call I,f;lo'; = IMTT the modified rate function.
Then {u ,11” }m.nen is said to weakly asymptotically preserve the LDP of { Br}r~¢ if for each
X € Q%(HO) and ¢ > 0, there exist xo € H%, M > 0 and 7 > 0 such that

lx = xollgo < &, I1(x)— Irﬁ/la’; (x0)| < e. (5.11)
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With the above preparation, we give our main results of this paper. That is, for the full dis-
cretization {uﬁ”}M,neN with u,’f’ = F(p,i” + iq,ﬂ”), where {p,’l"l, q,’,"I}M,neN is the numerical
solution corresponding to Eq. 5.5, when the temporal discretization is symplectic, it weakly
asymptotically preserves the LDP of { Br}r0, while it does not possess this property for a
temporal non-symplectic discretization.

Theorem 5 [f Assumptions 1, 2 and 5 hold, then

(1) Foreach fixed M € N with ny > 0, we have that for all sufficiently small stepsize T,
{B;\‘,” }Nen satisfies an LDP on HO with the good rate function given by

™7 (x) (5.12)
4—(tr(A(k>1)))? \ ~
Py 4[a(,:z(,)b((tkrgt)(,;z)()k)zz)]ag [bUET)R (x, ex)c)* + a(k*T)(3 (x, ex)c)?
- + 2c(K2T)N (x, ex)e I (x. ex)c | ifx€Hy,

+o00, otherwise.

(2)  For each fixed M € N with ny > 0, {uAN/I}NeN asymptotically preserves the LDP of
{ B%’[ }r>0, i.e., the modified rate function satisfies

lim 1,07 (0) = 1" (x). x € Hy. (5.13)

(3)  Under the assumption of Theorem 2, {uM}y ,en weakly asymptotically preserves the
LDP for {Br}r>0 of Eq. 1.1, i.e., Eq. 5.11 holds.

Theorem 6 [fAssumptions 1 and 4 hold, then for each M € N, {B ,\A;I }nen satisfies an LDP
on H® with the good rate function

0 ifx=0
IM’T ¥) = 5 s
ns' () {—i—oo, otherwise.

Moreover, {u,’f’ }M.nen can not weakly asymptotically preserve the LDP for {Br}r~0 of
Eq. 1.1, i.e., Eq. 5.11 does not hold.

By Eq. 5.12, Theorem 6 and the expressions of Al Bl i = 1,2,3in Examples 1-
3, one can directly compute the rate functions of {BIA\;’ }nen of the numerical methods in
Examples 1-3.

— Midpoint Scheme
The rate function of {B IA\;’ }nen is
1
s , ifx € Q3 (Ho),

I—i—tzA%“ Q_lx
1M =1 M e

+o00, otherwise.

Hence, lim Ifur;fod(x) := lim IlM’r(x)/t = IM(x) for each x € H°. These indicate
=0 7—0

that the full discretization, spatially by a spatial Galerkin method and temporally by the
midpoint scheme, weakly asymptotically preserve the LDP of {Br}7~0.
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—  Exponential Euler Method
The rate function of {B % }nen is

1 1
o x| , ifxe Q% (Hy),
12M,r(x): a2 QM o QM( 0)

+o00, otherwise.

In particular, we note that if Q is a finite rank operator, i.e., there is / € N such ;11 =
Ni42 = -+ =0, then Ié;l o4 = 1. This indicates that when noise takes values in finite
dimensional space, this full discretization preserves exactly the LDP of { Br}7~0.

—  Implicit Euler—-Maruyama Scheme
The rate function of {BY }yen is

M.t 0, if x =0,
L (x) = )
+o00, otherwise.

We obtain that the implicit Euler—Maruyama scheme can not weakly asymptotically
preserve the LDP of {B7}71-0.

5.2 Proof of Theorem 5

In this part, we consider the LDP of {BNM }nen for the full discretizations of Eq. 1.1, spa-
tially by the spectral Galerkin method Eq. 4.1 and temporally by symplectic methods.
To this end, we let Assumption 2 hold throughout this part. Firstly, for every fixed k €

. .. L . 1 1 Mk . M,k
(1,2, ..., M}, we derive the limit Ax(z) .—NETlenEexp{t(z,pN +igh >R}f0r

z € C, to give the expression of the logarithmic moment generating function AM-7(1) =
Nl—i>I-I+—10<> +InEexp{N (1, AN g} 2 € CMof {AN} - Then using Theorem 1, we obtain

the LDP of {A% }nen for symplectic methods. Further, the contraction principle (Lemma
1) leads to the LDP of {B%}NEN with BAA;I = F(AAN’I). Finally combining the convergence
condition (Assumption 5), we prove that {#¥} s ,en weakly asymptotically preserves the
LDP of {B7}r-0, which completes the proof of Theorem 5.

Lemma 3 [f Assumptions 1 and 2 hold, then for each fixed M € N, we have that for all
sufficiently small stepsize T and any » € CM,

M M 2
RO EDIROEDY #’;(Q) [atn) 00 + b))
k=1 k=1 k

—2c(k2z)9ukmk} , (5.14)

where a, b, ¢ are given in Assumption 3. Moreover, AM"T is finite valued and Gateaux
differentiable.
Proof Foreach A = (A1, A2, ..., Am) € CM, we have

M

M
: koo Mk kN k
<k,p%+1q%>R=E <kk,p% +igy >R=§ (mkp% + Shegy )
k=1 k=1
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Thus, the logarithmic moment generating function for { AAN’I }ven 18

M.t _ M
ATTW = N1—1>I-I&-100 NlnEexp{ <A’AN>R}

) 1 1 )
= lim NlnEexp {; (A, P% +14%>R}

N—+o0
1 Mo
— lim —InE ) f(m Mk | M”‘)
Nodoo N eXpL_lr kPN SNy

M

) 1 1 Mk |~y Mk
N_)+OON1nI!_[1EeXp{T<E}MkpN + SAkqy )

I
3

. 1 1
11\[1_1)1200NlnEexp{ (‘hkkpN + Ik qN )}

v
= > AW, (5.15)

where we have used the fact that { ( , qn ) } ,k=1,2,..., M, are mutually indepen-

dent stochastic processes as a result of the 1ndependence of {Br (z)},>0, k=1,2..., M.
Since Assumption 2 holds,

tr(A(k*1)) . V4 — (tr(A(k27)))?

¢ sin(nfy)
k=

0,)— , 0) = , k=2 . (5.16
cos(6k) > sin(6k) 5 a S @) (5.16)
It follows from Eqgs. 5.9, 5.10 and 5.16 that
Epy* = —ay_py " +ak (anpéw’k +a12q(1>w’k)
1 . .
= — [~ sin(V = D8Py +sinNe) (an p)™* +anngg™ )] 5.17)
sin(6)
and
By = &y + i (aa " —angg™)
1 . .
= — [sm((N + DG + sin(N6Y) <a21péu’k - allqé‘/[’k)] . (5.18)
sin(6y)
In addition, we obtain
N—1 2
Val’(P%’k) = 10} [—&va_z_jbl + (a11h +a12b2)&§‘\,_1_j]
j=0
TO(,% N—-1

= i 3 [Bhsin(G = DO + (bt + anb)? sin (6w
sin“(6x) =0

—2(a11b1 + a12b2)by sin(jOk) sin((j — 1O)].
Using the fact that 2 sin(«) sin(8) = cos(a — B) — cos(x + B), we have

[bl + (a11b1 + anb2)? — 2(a11by + anby)by cos(ek)] + Ry (k).
(5.19)

Var(PIA\;[’k) = W
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where
2 N-1 2 2
™ b . (an b1 +anbr) .
Rik) = k —Lcos2(j = DG) — ————="22 ¢os(2j6)
1(k) sin2<9k>§)[ 5 €0s(2(j = DoY) > (2j6k)

+ (an by + aizbz)by cos((2j — 1)9k):| .

By the facts that Z,?[:l cos((2n + 1)8) = w and Z;V:lcos(ZnG) =

sin(
SOOI e have [SN ) cos@( — D6)| + |L15 cos@jen)| = Kz M)
(Recall that we use the notation K (z, M) to denote the constant dependent on 7, M, but
independent of N). Hence, we obtain |R| < K (z, M). Similarly, one has

2
T N

Mk _
Var(qy )_2sin2(9k)

[b%+(a21b1 —anby)*+2(ax1by —anba)by COS(Qk)] +Ry (5.20)

with |R>| < K (1, M), and
ra,fN
2 sin%(6g)
—(a11by + axb2)(a21b1 — ar1b?)
—(a11by + a12b2)b cos(6x)] + R3 (5.21)

Cor(py ™, qn™) = [(a21b1 — a11b2)by cos(6k) + by1ba cos(26;)
with |R3| < K (t, M). It follows from Eqgs. 5.17 and 5.18 that

‘E(Ak, paE 4 iq%%‘ = ‘SikkEp%I’k + B < K(r M. a). (5.22)
Further, Eqs. 5.19, 5.20 and 5.21 give

Var <)Lk, p%”k + inM’k>R

= O Var(p) + (324)2Var(g) + 2932 Cor (pA"f kg ”‘)

T N2 1, 5
= —— [bl + (an1by +anb2)” — 2(aby + anb)b; COS(91<)]
2 sin“(6)
Tl N2 T, 5
SRS B3+ (anbi — anba)? + 2(aziby — aniba)ba cos(6) |
2 sin” (6)
RSt} N
——— 5 [(@1b1 — anb2)by cos(6) + bibz cos(26;)
sin“(6)

—(ai by +ab2)(az1by — ar1bz) — (a1by +axb2)by cos(@r)] + R (5.23)
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with |R| < K(t, M, A). Noting that <Ak, p%’k + inM’k>R is Gaussian, we have that for
each A\, € C,

1

1
Mt = i i | (ol el |

1 /1 1
lim (*E<Ak, Py + iq,@“‘>R + —Var(kk, pak 4 "q%k&)

N—>+oo N \ T 272
al(Mr)? o, )
= - [b1 + (a11by +anb2)” — 2(arby + ab2)b; COS(9I<)]
47t sin” (6y)
sz—i-(ab— b)? + 2(a21by — ay1ba)ba cos(d
— 2 2101 — a11b2)” + 2(az1b1 — ai1b2)b; cos(6k)
4t sin” (6y)
R Shga]

—m [(0211?1 — ay1b2)by cos(6k) + b1ba(2 cos(6)> — 1)
k

—(a11by + a12b2)(az1b1 — a11b2) — (a11by + azba)bycos(B)].  (5.24)
Then, noting that tr(A(k%7)) = 2 cos(8), we rewrite Eq. 5.24 as

2

_ % 2 2 2 Ny N2 2y
M) = b s {a(k DO + bUEET) (32 — 2¢(k ‘L')ﬂ‘\)»k\s)»k]. (5.25)

By Eq. 5.15, we get the expression Eq. 5.14.
In addition, for each A, z € CM, the Gateaux derivative of AM-7 ig given by

M 2

o
PATW) =Y —k [Za K2R ek + 2b(K2T) ISz
M) ;minz(ek) (kP T)Rog Nz + 2b(KT)Shp Sz

—2e(k2T) RS2k + skaZk)] .

This finishes the proof. O

According to Theorem 1, in order to give the LDP of {A"Nl } NeN, it remains to show that
{AAN/I }nen is exponentially tight. As is mentioned in Section 3, we will use the finiteness
of logarithmic moment generating function to derive the exponential tightness. In fact, we
have the following lemma.

Lemma 4 If Assumptions 1 and 2 hold, then for each fixed M € N, we have that for
all sufficiently small stepsize T, {Aj)\,’[ INeN satisfies an LDP with the good rate function

(AMTY*(2) = sup [(A, g — AMTR)).
reCM

Proof 1t follows from Lemma 3 that for each A € cM,

1
AMTG) = lim - InEexp [~ (. A%)R} < +o0. (5.26)

In particular, we take A = (0, ...,0, 1,0, ...,0)in Eq. 5.26 with 1 being its kth component.
Then we obtain

1
Ck,1 = Nl_i)rJr:oo v InE exp {NE)%A]’\V,”‘] < 400, (5.27)
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where A][\V,"k is the kth argument of AﬁNl. Taking . = (0,...,0,—1,0,...,0) in Eq. 5.26
with —1 being its kth component yields

1
Goi= lim —InEexp [—NsﬁA"N“] < +o0. (5.28)
For each L > 0, using Markov’s inequality, one has

L NL NL
P (mAAN/I’k > m) =P <exp {NS{A%I’]‘} > exp { % }) <exp {_W} E exp {NS%AAN/I’I(}

and

NL
P (exp {—NSRA%""} > exp {m})

NL o A M.k
exp ~oM Eexp 1 —NRAY ™" 1.

L
P (mAW < _W>

IA

Hence, Eq. 5.27 leads to

li IIP(‘)tAMk L)< L +¢
msup — In : > — | < —— k.1,
N—>+oo N7 oM 2M

and Eq. 5.28 leads to

li L P(%AM-" L ) <L +¢
msup — InP(? <——— | <= k,2-
N—+00 N 2M 2M

Combining the above formulas and Proposition 3, we have

I Line (jmats = 2 < L L,
1m Ssup — In b ’ > — max { —— y — T
Y N T o) = aap TSk Ty k2

- 4 5.29
i + & ( )

with £ = max{Zx 1, {x,2}. By taking 4 = (0,...,0,4,0,...,0) (resp. A=(,...,0,—
i,0,..., 0)) in Eq. 5.26 with i (resp. —i) being its kth component, and repeating the above
procedure, we have

. 1 Mk L L "
1 — InP|(|JAY — )| < —— , 5.30
N N (" v '>2M>— om + 630

for some ¢ < +o0.
Further, it holds that forevery k = 1,2, ..., M,

L L L
M.,k A Mk ~x A M.k
P(HAN H>—>§P<|5)1AN |>2 )+P<|JAN |>2 ),
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which together with Eq. 5.29, Eq. 5.30 and Proposition 3 yields

M.k L
hmsup—lnP(”A H > —) < ——+ &, (5.31)
N— 400 2M

with &, = max{¢/, ¢/'}. For L > 0, define K, = {z € C™ : ||z|| < L}, which is a compact
subset of C™ . Then it holds that

plat ext) =p (o8] - <o (55 ) ) s (O] - &)

M
mi| L
< ZP(HAN H > M)' (5.32)
k=1

Substituting Eq. 5.31 into Eq. 5.32 and using Proposition 3, one has

1 L
11msup—1nP<A%eK°) 5———{— _max k-
N*>+OO N 2M ,,.A,M

Then, one immediately has

lim hmsup—lnP(A% e Kc) = —00,
L—>+00 Ny yoo N

which implies the exponential tightness of {A% }nen. By Lemma 3, the exponential
tightness of {AANl }nen and Theorem 1, we complete the proof. O

Lemma 5 Let Assumptions 1, 2 and 3 hold. For each fixed M € N with ny; > 0, we have
that for all sufficiently small stepsize t,

M 4 — (r(A(K*1)))?)
AM,r * — T (
“Am@ ];4[a(k2t)b(k2r) —c2(k*D)] o}

[b(kzr)(iﬁzk)2 +a(t) Sz + 2c(k2r)mzk:szk] . (5.33)

Proof Tt follows from Eq. 5.14 that the Fenchel-Legendre transform of A is

(AM7)@) = sup {0, 2 — 447G
reCM

M
= sup sup --- sup {Z(kk,Zk)R—Ak(}»k)]

A eCareC rmeC k=1

M M

= Z sup {(Ak, zk)r — Ak(Ai)} = ZAk(Zk). (5.34)
k=1*€C k=1
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According to Eq. 5.25,

AZ(zk) = sup {{Ak, zk)r — Ak(Ap))

A eC
oY \ o~ ~ 0[]%
= sup MRAeNzpe + ISz — —
(RAg,Ip)eR? 4t sin” (6;)

[a(kzr)(mk)2 T (KT (Sh)? — ZC(kzr)ﬁ}tAkSAk] }

2
_ ~ _ 3 24,2 282 2
= sup 1ONzpx + (Szp)y — a(k"t)x” + bk"t)y” — 2c(k"T)xy
(x,y)eR? 471 sin” (6y)
=: sup fi(lx,y).
(x,y)eR2
Under Assumption 3, if t is sufficiently small, then for each k = 1,2,..., M and
x,y €R,

2¢(k21)xy 2/ a(k2T)b(k2T)|xy|

1—
a(k?t)x? + b(k21)y? < ( n)a(kzt)xz + b(k21)y?
a(k®t)x? + b(k*1)y*
a(k2t)x2 4+ b(k21)y2

=d-mn

=1,

N "
2e(k7o)xy - > 7 for every x, y € R. Then, we have

which implies 1 — P

Mzi)x + Szr)y
a(k?t)x? + b(k%t)y?

lim  fi(x,y) = lim (a(kzt)xz—}—b(kzr)yz){
(x,y)—>00

(x,y)—>00

cx,% |: 2¢(k3T)xy ]
— — = _oo’
47 sin®(6y) a(k®t)x? + b(k%1)y?

which along with the continuity of f;, implies that there exist x, yx satisfying —oo <
Xk, Yk < +00 such that SUP(x, y)eR? fr(x,y) = fx(xk, yr). Then, it holds that

Ofi i, yi) o o 2 2
Tk V) g —7[2”” —2e(kt ]:0,
p £ @0 (k“T)xk (k“T) yi

Afi (xk, yi) o 2 2
YR YO - Tk [op(kPt)y — 2¢(K20)xe | = 0.
i = s (20 0n - 2000w

Foragiven M € Nwithny > 0, 0p = /nx >0,k =1,2,..., M. Then, we obtain

27 sin? (k) (Nzkb(k27) + Sz (k?1))
[a(k20)b(k2T) — c2(k21)] o}
2t sin? (k) (Szka(k?t) + Rzke(k21))

T T akobkn) - 20 ]l

X =

)
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which leads to

27 sin?(6r) Rzkb + Szic) 27 sin(6) (Szka + Rzxe)

Rz + Sz

AZ(zk)

(ab _ C2) Ot/% (ab - 6’2) Oé,%
o? 47 sin' (0) (Maxh + Jzxe)® | 407 sin (O) (Szka + Nzxe)’
47 sin” (O) (ab — c2)2 of (ab — Cz)z oy

) 472 sin*(Oy) (Mzxb + Szic) (Szra + Rzic)
—2c¢
(ab — 62)2 ot,f
27 sin%(9
- 7(")2 [b(i)%zk)z + 2Nz Sz + a(fszk)z]
(ab — c?)af
)
T sin“ (6,
—7(];) [a(Rzib + J?szkc)z
(ab —c?) oc,%
+b(Szra + 5}izkc)2 —2cNzib + Jzkc)(Szra + Rzee) 1.
Direct computations give
aMzib + i”szkc)z + b(Szra + ﬁ)'tzkc)2 —2cNzib + Jzic)(Szra + Rzie)

- (ab - c2) [b(mZk)z F2eMz Sz + a(m)z] .

In this way, we have

-2
T sin“(6y)
Af(zp) =
N
[b(kzr)(mzk)z +a(k®t)(Xz)% + 20(k21)9fzk3zk] . (5.35)
By Egs. 5.16, 5.34 and 5.35, we complete the proof. O

Now we give the proof of Theorem 5.

Proof of Theorem 5 (1) It follows from Assumptions 2 and 5 that ajp ~ h, ap; ~ —h and
2 —tr(A) = 1 +ajjan — apaz —ary — axn = (a1 — 1)(azn — 1) — ajpaz; ~ h?. Hence
4—(tr(A))? = 2+1tr(A))(2 —tr(A)) ~ 4h>. In addition, it holds that a1 by +a12by — by =
(a11 — Dby + ajaby ~ h. These imply a ~ h?. Further, ax1by — a11by + by = O(h?),
a21b1by (2 — tr(A)) = O(h*), a1b3 (2 — tr(A)) ~ h?, and hence b ~ h>. Similarly, we
have ¢ = &' (h3), which leads to ab — ¢ ~ h*. These mean that under Assumptions 2 and
5, Assumptions 3 holds.

Clearly, F is a continuous mapping from C to H°, and also a bijection from C to
Hjy(see Eq. 5.3). By Lemmas 1, 4 and 5, we deduce that {B%}NeN, with BIA\;’ = F(AAN/I),
satisfies an LDP on H with the good rate function

MTxy=inf (AMT)*(y)
yeF~1({x})

4—(tr(A(k*1)))? N
pIyelt 4[a(Izz(r)b((tlgr)—c;)(kZZ)]ag [bU*T)(R (x, ex))?+ak*T) (3 (x, ex)c)?
= + 2¢(k2T)R (x,ek)crfs(x,ek)c], if xe Hy,

+o00, otherwise.
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(2) Denote ST (z) = WED"@ Then 1M T (x) = JMT(F-1(x)), x € Hy and 1M
(x) =400, x ¢ Hy. Accordmgly, it follows from Eq. 5.33 that for each z € cM,

hm Jrod (@) =

M
(4 — (tr(A))?)
“%)Z[

4[a(k0)b(k?t) — (k)] o}

[b(kzr)(f}tzk)z +alPT) Sz + ZC(kzr)?RszZk]

M 2 \4 (fopn N2 ~o )2 5 M 2
_ Z im 4(k* ) (Nzi)* + Qz)?) + O(2°) _ Z |Zk|| (5.36)
— 4(k2)da? P

Hence,

M 2
X, e
lim 127 (x) = lim Thoa(F7HG) = M, x € Hy.
7—0 =l o

Note that for each x € Hyy,

M 2
Il (x, €k<c|| 1 [l {x, €k<c|| 1 ” 1
- — — 2P x’
Z 22 T2 Q> Pu

O(
k=1 o k=1

1 12
= — 2
o @2 ”Q X‘HO

In this way, we have

1 2
. = 2 , if Hy,
lim 107 (x) = Flortel,, . itx e (5.37)

m .
+o00, otherwise.
1
Sinceny >ny > --->ny >0, Q,f,,(HO) = Hy,. Hence I'™ becomes
1

Mx)y =1
400, otherwise.

2
I .
Q_foHO, if x € Hy,

By the above formula and Eq. 5.37, 11m Imod (x) = IM(x).

(3) Case 1: There are infinitely many 0 in {n}ken, i.e., for somel € N, n; > ni41 =
Mgz = =0.
For this case, we take M = [ and obtain that /™ (x) = I(x) (see the first case in the proof
of Theorem 4). Then, it follows from Eq. 5.13 that Eq. 5.11 holds.

Case 2: There are finitely many 0 in {ni}xen.

In this case, foreach M € N, n; >y > --- > ny > 0. Thus, Eq. 5.13 and the second
case in the proof of Theorem 4 yield Eq. 5.11. O

5.3 Proof of Theorem 6

In this part, we consider the LDP of { B ,1\‘,’1 }nen for full discretizations of Eq. 1.1, based on the

spatial spectral Galerkin method Eq. 4.1 and temporal non-symplectic methods. Theorem 6

indicates that {u M } M .nen Can not weakly asymptotically preserve the LDP of {Br}r0.
n—1

Proof of Theorem 6 Recall &% = [det(A(k*7))] * sin(n6y)/ sin(6k). Under Assumption

4, for sufficiently small t,

o?’,j| < R" 1/sm(Qk) for some constant Ry < 1, k =
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1,2,..., M.Denote Ty ; = maxy=1,2,.. m Rir and then Tjs ; < 1. By Egs. 5.9 and 5.10,
we have

‘Ep%’k‘ = .—det(A)&lli,flpéw’k —}-&]f\, (anp([)w’k +a12qéw’k)‘
1 Mk‘( N-2 | mN-1 1 M.k N-1
© e i)
< oD || (T2 + T e + i |90 [l T3l
< KM, 7).

Similarly, one has ‘EqNM’k ’ < K(M, 7). It follows from Eq. 5.9 that

N—1
2
Var(py) = taf Y [ det(A)ak b1 + (@bt + @b |

Jj=

Then, Holder’s inequality and the fact &5 < R,’(’;l / sin(6) yield that for sufficiently small
T >0,
N-1 5 5
‘Var(p%’k)‘ < KM, 1) Z [(5‘5‘\/—2—1‘) + (&’1‘\,_1_]») ]
j=0
N-1
< KM Y (T 0+ 1)

~
Il
o

=

= kM0 (T +1307") s k.o,

~
Il
o

where we use the fact 2,1(\1:—01 rk < ﬁ for each r € (0, 1). Analogously, we obtain

Var@) O] = KM, 0), [Cor(pl K )| < KM, o),
Thus, combining the above estimates, we have
B (i i) |+ [Var (i oV E iad ™) | < Km0, k=120 M.

Following the proof of Lemma 3, one can show that the logarithmic moment generating
function for {A%}NEN is AMT = 0. Then, we conclude that {A%}NEN satisfies an LDP on
CM with the good rate function

RG) = [0’ itz =0, (5.38)

+00, otherwise.

Combining Eq. 5.38 and Lemma 1, we have that { B ]1\‘,’1 }ven satisfies an LDP on H® with the
good rate function

0, if x =0,
IMTx)= inf R(y)= = (5.39)
‘ yeF~({x) +o0, otherwise.
It can be verified that Eq. 5.11 does not hold. O
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6 Extension to the Case of Complex-Valued Noises

In this part, we study the LDP of {Br}r~ for the stochastic Schrodinger Eq. 1.1 driven by
complex-valued noises. Let Wy bea U 0_valued Q1-Wiener process and Wo a U 0_valued 0>-

1 1
Wiener process, such that Wy (1) = Y{25 07 ex " (1) and Wa(1) = 315 02 e B2 (1).
Here Q; and O, are two nonnegative symmetric operators on U 0 with finite traces.

[ ,BIEI)(I)} v k = 1,2,... are mutually independent standard Brownian motions, and
>

[ﬂ,ﬁz) (t)} o k = 1,2, ... is another family of mutually independent standard Brownian
>

motions. In addition, we assume that [ﬂ,ﬁl)(t)] o and [,3;.2) (t)] o are mutually indepen-
1> >

dent for all k, j = 1,2,... with k # j. Also assume that forall k € N, t > s > 0,

(ﬂ,ﬁl)(t) - ,B,Sl)(s), ,8,?) (t) — ,8,52) (s)) obeys the two-dimensional normal distribution with

expectation (0, 0) and covariance matrix

t—s p(—s)
pt—s) t—s
for some constant p € [—1, 1]. The driving process for stochastic Schrodinger Eq. 1.1 is

W(t) = Wi(t) +iWa(1).
Let JVV% ©,T; L(Z)) denote the set

1
{cp 1[0, T] x 2 — (03 (UY), U)| & is predicable and

T
E/
0

and JVV‘EZ O, T; L%) denote the set

12
P(s)o Qf

ds < +o0¢,
LU U

1
{CD 1[0, T] x 2 — (0, U, U%| @ is predicable and

/“

Before giving the LDP of {B7}r~0, we first give the following proposition.

L2
D(s)o sz

ds < 400y .
£ (UO,U0)

Proposition 5 Assume that &1 € N (0,T;L§), &2 € Ny (0,T; L§). Then the
correlation operators

V(t,s) = Cor(®; - Wi(t), P2 - Wals)), t,s €[0,T]

are given by the formula

Vt,s) = pE/
0

NS

1oL
D2(r) Q5 O (P1(r))*dr.
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Proof For simplicity, we take ¢t = s. For each x1, x, € U Oand o > r > 0, it follows from
the independence of { ﬁ,ﬁl) (t)} 0 and {5;2) (t)} with k # j that

> >0

E (W1(0) = i), x1)yn (Wa(o) — Wa(r), x2)gn
too 1 +o0 1
~E (Z (1@ - 5 0) (ot en ) ) > (B2 @)-62 ) {2des )
k=1 U o
1
<€k, Q22x2>

11
=p(a—r)<Q§Qfx1,xz> . (6.1)
UO

Uo

+00 1
=Y E(8 @ - 8"0) (87 @) - 8P 1) <ek, Qfx1>
k=1

uo uo

1 1
po — ")(Qfxl, Q§x2>
UO

We first prove that the conclusion holds in the case that both @ and @, are elementary
processes. For this end, assume that there is a partition0 =1y < #; <--- <ty =t, N € N,
such that

N-1 N—-1

i)=Y PG 0(), D) =D YL, (),

n=0 n=0

where @' : 2 — LW U% is %,,-measurable, and @ takes only a finite number of
values in X(UO, UO),i =1,2,0 <n < N — 1. Then we have that for each x, x, € UO,

t t
E</ q151(r)dW1(r),361> </ @2(r)dW2(r),X2>
0 Uo \JO Uo

N-1 N-1
o DI CHUACIERACH S (Z CHUACSE Wz(rk»,xz)m)
j=0 k=
N—1N-1 )
= 2 Y E(Wiln = Wi, @) (Wattin) = Watw). (@5)x) |
=0 k=0
N—1
k=0

If kK # j, we claim ES;; = 0. For this end, we may assume that k > j without loss
of generality. Then <W1 (tjr1) — Wi(@)), (Cblj )*x1>UO and d5§ are .%; -measurable. In addi-

tion (Wa(tx11) — Wa () is %, -independent. It follows from the properties of conditional
expectation that

E(S).4l- )
= (Wit = Wi, @) JE[(Waltien) = Wa), @%)"x) |7, ]
= (Wit = Wi, @), (E W) = Waw.wio )|, =0
which leads to
ES; i =E (E(S;«|-%,)) =0, k#j. 6.3)
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Similarly, using Eq. 6.1 we obtain
E(Sk.x|F1)
(E (Wi(tke1) — Wi(te), u)go {Waltip1) — Walty), v)UO)‘

u=(PN)*xy, v=(@5)*x,

1ol
o (tev1 — 1) <Q22 Qiu, v>

U0 lu=(@})*x1, v=(@5)*x

[
P (Tt — 1) <<15§ 03 0 (P *x1, X2> .
U

Hence, it holds that
kA3 a3k
ESix = p(tk+1 — tk)E<q§2 0507 (@1)*x1,x2> . (6.4)
UO

Substituting Eq. 6.3 and Eq. 6.4 into Eq. 6.2 yields

t t
E</ @1(r)dW1(r),x1> <f ¢2(r)dW2(r),x2>
0 Uo \Jo Uo

N-1 I
pY (s — rk>E<q>§Q§ 07 (®))*x1, x2>

k=0

! o1
pE </ D2(r) Q5 QF (P1(r)*x1, X2> ;
0 UO

Uo

which proves the conclusion when @;,i = 1, 2, are elementary processes.
If @;,i =1, 2, are general processes, one can take elementary processes @l.(") such that

2
ds =0, i=1,2.

n—+00 LU0, UY)

T 1
lim E / H (<1>I-(”)(s) — <1>i(s)) 0 0}
0

Then by a standard argument of approximation, one can prove that the conclusion holds
for any @ € JVV%I 0, T; L%), Dy € JVM%Z 0, T; L(z)) (see also the proof of [7, Proposition
4.28]). O

1
Similar to the case of real-valued noises, we assume that Qi2 € D%(UO, Ul), i=1,2.
Then, we have the following results.

Theorem 7 Under the above conditions, { Bt }r~0 satisfies an LDP on H 0 with the good
rate function

L é*%xHZ ifx € 07 (H"
I(x) = { ¢ Ho - ’

+o00, otherwise,

where é =01+ 0>
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Proof This proof is analogous to that of Theorem 2. Hence we only give the sketch of the
proof. The main difference lies in the computation of the variance Var (u(¢), h)g. In fact, it
holds that

t

'
u(t) = St)uy — a/ sin((t — s)A)dWi(s) — oz/ cos((t — $)A)dWr(s)
0 0

t t
+ioz/ cos((t —s)A)dW,(s) — ioz/ sin((t — s)A)dW;(s).
0 0
Hence, for each i € HO,

t
(u(t), hyp = (S(ug, h)g — a</ sin((t — s)A)d W (s), mh>
0 R

t
- <f cos((t —s)A)dWa(s), 9%h>
0

R

' t
+a </ cos((t — s)A)dWi(s), Sh> -« </ sin((t — s)A)dWa(s), Sh)
0 R 0

R
Using Proposition 5, one has

Var (u(t), h)g

! t
= o? </ sin?((r — s)A) Q1dshih, mh> +a? </ cos2((t — 5)A) Qrdsih, %h>
0 R 0 R

t t
+a2</ cos2((t—s)A)Q1dsTsh,fsh> +a2</ sinz((r—s)A)deSSh,5h>
0 R 0 R

t
+20%p </ Sin((7 — $)A) cos((t — $)A) Q3 Q7 dsh, ERh>
0 R

t
—20? </ sin((t — s)A) cos((t — s)A)Q1dshh, ‘Sh>
0

R

t 11
+2a2p </O sin®((r — 5)A) Q3 Q7 ds9th, Sh>R

t 11
—2a%p </ cos’((t — s)A)QF Q7 dsSh, 9th>
0

R

t
+2a2 </ sin((t — s)A) cos((t — s)A)Qrdshh, Sh>
0 R

t 11
—2a%p </ sin((t — )A) cos((t — $)A) Q3 Q7 dsh, “\h>
0 R
ta? |~ ~ -
= - ((0%h, %h)y + (0K, Sh),) + R,

2
ta ~1
= — fh’
2 HQ

where |§| < K(Q1, Q2, A) with K(Q1, Oz, A) independent of ¢. Similar to the proof of
Theorem 2, we finish the proof by means of Theorem 1. O

2 ~
H0+R,

Remark 5 In Theorem 7, we give the LDP of { Br}r~¢. Similarly, the LDP for {BNM}M,NGN
of the numerical method can also be obtained in the case of complex-valued noises.
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7 Future Work

The calculation of large deviations rate functions is an interesting and important problem.
One of the common techniques of approximating the large deviations rate functions is by the
Legendre transform of the approximated logarithmic moment generating functions which
may be obtained by, e.g., Monte—Carlo methods provided that the prior distributions of
observables are known ([14]). For a stochastic system, the prior distributions of the consid-
ered observables are generally unknown, the approximated logarithmic moment generating
functions can be obtained by the combination of numerical discretizations and Monte—Carlo
methods. Do all of numerical discretizations work? Theorem 5 of this paper shows that the
full discretizations {ufl” }m.neN, based on the temporal symplectic discretizations and the
spatial spectral Galerkin approximation, can weakly asymptotically preserve the LDP of
{B7}r>0. This result indicates that for an observable associated with a stochastic Hamil-
tonian partial differential equation, the symplectic discretization is a prior choice. What is
the convergence between the rate functions and their numerical approximations? How to
combine other techniques, e.g., the adaptive sampling algorithm (see [9]) and multi-level
Monte—Carlo methods, to improve the computational efficiency?
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