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ON THE THEORY OF DISCONTINUOUS
FINITE ELEMENTS

Abstract
The theory of finite elements has been established since the early sixties and has been
developed to a certain degree of completeness and sophistication for the classical continuous

(conforming) case. The theory for the discontinuous (nonconforming) case is still in a less
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satisfactory state,alth ough important progress has been made. The present work deals with
the theoretic al foundation of the discontinuous finite elements.

In section 1, Poincaré inequalities for discontinuous functions are given. They differ
from the classical ones by an additional term of the integral of jump values squared with a

constant which measures the density of distribution of discontinuities. On this basis,in sec-

tions 2 and 3,injection theorems discrete analogs of the classical ones——for the discon-
tinuous finite element functions spaces can be established for the case of formal Sobolev norm
(discontinuity discarded) as well as for the case of norm containing additional penalty
(counting the discontinuity). For the first case,a certain condition of weak discontinuity is
imposed and this condition is satisfied practically by all the non-conforming elements now in
use. In the second case,the condition of weak discontinuity may be violated ,i. e. ,the discon-
tinuity may be arbitrarily strong. This suggests,among others,two kinds of policy for using
discontinuous elements: the policy of tolerance—— this is the usual method——in ease of
weak discontinuity and the policy of suppression——this is the penalty method——in case of
strong discontinuity.

In section 4 a general convergence theorem of the penalty method for solving elliptic e-
quations of order 2m is given to the effect that it is always convergent when the finite ele-
ment interpolation operator is exact to the degree £Z>m and the penalty parameters p; satisfy
1<p<2k—2i+1,i=0,1,>, m—1 . The choice pi=k+1—i gives the best order
O(ht%ﬂ) of convergence for sufficiently smooth solutions. As a result,all membrane ele-

ments of degree of accuracy £2>2 can be used as plate elements with convergence order

=1
ohz).





