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ELLIPTIC EQUATIONS ON COMPOSITE MANIFOLD
AND COMPOSITE ELASTIC STRUCTURES

Abstract

In the usual theory of partial differential equations,one considers in R* a domain of ho-
mogeneous dimension n,on which the differential equations are defined ,and the boundary of
dimension n—1,0n which the boundary conditions are prescribed. It is natural and desirable
to extend such a setting to the case where the domain is of heterogeneous dimensions,i. e. ,
it consists of a finite number of pieces of different dimensions, suitably connected together,
with differential equations on each piece coupled through incidence relations and eventually
supplemented by boundary conditions on the remaining boundaries. This is actually the
mathematical situation in many engineering problems,and the great geometrical and analyti-
cal complexities herein encountered should be tackled in a proper mathematical way.

In section 1 we define a composite manifold as a closed complex of cells of different di-
mensions , each cell being a connected smooth orientable Riemannian manifold with piecewise
smooth boundary, i.e. ,the b;undary consists of a finite number of cells of 1 dimension low-
er. In a composite manifold,a subcomplex is defined as a composite structure {2 when its clo-
sure {2 coincides with the underlying composite manifold a'nd certain strong connectedness
property is satisfied;and another subcomplex is suitably defined as the boundary a0 of the
composite structure £2. The coupled differential equations will be defined on each cell of 12
and the boundary conditions will be prescribed on each cell of a2

In section 2,a product of Sobolev spaces of order 1 corresponding to all the cells of a
composite structure is introduced and a closed subspace is specified by certain link condition.
For this subspace,some injection theorems in sense of Sobolev can be established and a stan-
dard elliptic variational problem is introduced and leads to a system of coupled Poisson equa-
tions on a composite manifold in R* which is a natural extension of the classical Poisson equa-
tion and is applicable to the heat transfer,diffusion on complex structures.

In section 3, considerations analogous to those of section 2 lead to another product of
Sobolev spaces for a composite structure in R® and the corresponding injection theorems. This
gives a precise mathematical foundation for the composite elastic structures.

Differential equations on composite manifolds seem to have wide applications. Some
relevent theoretial problems worthy of further study are indicated.





