FINITE ELEMENT METHOD AND NATURAL
BOUNDARY REDUCTION®
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1. Introductory comments

One of the major advances in numerical methods for partial differential equations made
in the recent twenty years is the {inite element method (FEM). The method is based on the
variational formulation of elliptic equations and on the triangulated approximations. The first
component, the variational principle,is an old one and leads to the classical Rayleigh —Ritz
method , which ,though successful in the past,suffers from numerical instability and geomet-
ric inflexibility , originating from the analytic approximations adopted, but unnoticed in the
pre-computer times due to the limited size and complexity of the problems then attacked.
The second component,the ,triangulated local approximations,used but not exploited in full
in the finite difference methods,is more elementary and much older. Dating back to ancient
times.it was for a long time overshadowed by the later achievements in analytic approxima-
tions , but revived eventually due to its innate stability and flexibility , which becomes impor-
tant in the computer era.

A judicious combination of the two old components, conventionally in juxtaposition,
gives rise to the FEM ,an innovation of general applicability ,especiaily suited for problems of
great complexity as well as for computer usage. In FEM ,all the essential properties of elliptic
operators, e. g. , Symmetry, coerciveness and locality are well preserved after discretization.
This leads,on the cne hand,to an efficient computational scheme and,on the other hand ,té a
sound theoretical foundation,on which the Sobolev space theory of elliptic equations is in-
voked in a natural way ,ensuring the reliability of the method in practice. Moreover,the logic
of FEM is simple,intuitive and easy to be implemented on the computer , whose capability is
thereby fully exploited not only as an “equation solver”but also as an“equation setter” ;there
is already a vast body of software for engineering applications built around it. On the ground
of all these reasons,the FEM has become the major methodology for computer solution of el-
liptic problems,and,by and large,it will remain such in the foreseeable future.
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It is also well known that the elliptic boundary value problems have equivalent formula-
tions,in addition to the variational ones,in various forms of integral equations on the bound-
ary. In recent years an increasing interest in the numerical solution has been observed spartic-
ularly in the finite element solution of boundary integral equations, leading to the boundary
element method (BEM) in various versions. The boundary reduction has the advantage of
diminishing the number of space dimensions by 1 and of the capability to handle problems in-
volving infinite domains and, moreover, also cornered or cracked domains at the expense,
however,of increased complexity in the analytical formulation , which is not easily available
beyond the simplest cases. During reduction,some differential operators of a local character
are inverted into integral operators, which, being non-local, result in full metrices instead of
sparse ones ;this offsets,at least in part,the advantage gained in dimension reduction. So, the
approach via integral equations.as it stands by itself,is rather limited in scope, lacking gener-
al applicability ;and the BEM is not likely to replace the FEM.

Nevertheless, there are many complicated problems in which several different parts are
coupled together ; boundary reduction could be judiciously applied to some parts or the do-
main with advantage for the purpose of cutting down the size or complexity of the probiem.
resulting in a modified but equivalent boundary value problem on a reduced domain with arti-
ficial or computational boundaries carrying integral boundary conditions which correctly ac-
count for the full coupling between the eliminated and the remaining parts. There are also
problems in which the coupling at the given boundary with the environment is assigned in an
oversimplified way in the conventional form of differential boundary conditions ; boundary re-
duction could in some way be applied to the exterior domain to give a more complicated inte-
gral boundary condition for a more accurate account between the given system and its envi-
ronment.

The above motivations require that the boundary reduction should be compatible with
the accepted variational formulation and finite element methodology and that the BEM
should be developed as a component of the FEM , well-fitted in that framework , rather than
as an independent technique. It is from this point of view that,among other things.a natural
and direct method of boundary reduction,proposed by the present author™***$3called canoni-
cal boundary reduction,will be discussed in the sequel.

2. Case of the Laplace equation

Consider, for example, the Neumann problem of the Laplace equation in a domain £ in
R? with smooth boundary I' with exterior normal »,
ﬂ: _Au= o ) (1 )

I'u=g with compatibility condition f g dx=0. (2)
r

Here g belongs to,say, H~'/2(I"). This problem is equivalent to the variational problem : find
€ H'({Dsuch that
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D(u,v)=F(v) for cvery v€E H'(D),

D(u,v)Ejgrad u e grad v d.r,F(u)=jg’u dzx. 3
)

r
The classical Fredholm boundary reduction consists in expressing the harmonic function as a

layer potential

u(.t)=Jr.E(.t—.z" Yo()dx' E(x)=517—rlog T%I— ‘ )

Then the jump condition of the potential gradient across the boundary is

u,(z)=jE,(x,—x'>a(x' Ydz +—12—a(.z).i. e ,(%I+E,.)a=u... )
r

a Fredholm equation of the second kind in the unknown density ¢ against the known data
(2). Note that,after reduction , the essential properties of the original operator ,i. e. ,symme-
try , coerciveness and variatioﬂdl form,are not preserved. Moreover,a new function ¢ is intro-
duced on I' in addition éo t',he';‘trace data
i-i; Culp=You, wlr=%u
of the original problem;this  inconvenient for coupling in complicated problems. So, from
the practical and computational point of view at least, the Fredholm reduction is unsatisfacto-
ry :it does not fit well with the FEM.
A partial improvement results from the Green formula
j(vA’u—uA’v)dx’=j(vu,¢—uw )dz' 6
Fe r
(£ is the dummy variable with the corresponding primed differential operators ) and the

choice v(z')=E(x—x'),whence

u(x)=J(uE,.'—-u.aE)dx’, €0,

Then differentiation and passage to boundary ,with jump conditions considered ,give another

Fredholm equation of the second kind
%u(x)+j'E,, (z—2 Yul 2 )dx'=jE<x—x')u,(x' Ydz'
r . r

(-21—I+E.()u=Eu., %0

with the Dirchlet trace data ,mstead of introducing a new function in(5) as unknown against
the known Neumann data(2). Thls formulation is adopted in most BEM’ s; however, the
kernel is similar to that in(5).and so the same difficulties remain.
The most satisfactory approach is to choose (') in (6) to be the Green function G(z,

') satisfying

—AG(z, 2 )=8(—2),

G(z,2)=0 for 7 €T,

Gz, 2 )=G(z ,x)

to obtain the Poisson formula
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u(z)= —-IG,.' (2 Dul()dx v x€0, i.e. ,» u=PYou. €))
T

Then differentiation and passage to boundary gives
u, ()= —ch.(x,x')u(x' ddx's z€Tl, i.e. . u,=KYou, €))
r

an expression of the Neumann data (as known) in terms of the Dirichlet data (as
unknown). The kernel K(z,z')=—Gy,.(x,2') is regarded as a limiting distribution kernel.
So,the Neumann problem (1)—(2) or (3) is equivalent to the solving of the boundary inte-
gral equation
Ko=g (100
for the unknown Dirichlet data You=¢ on I',leading to « in {2 via the Poisson formula(8).
The boundary integral equation (10) has,in turn,its own variational formulation,i. e. ,
to find p€ HY2(IM)sush that
D, p)=F ),V ¢€ H/*(I),

Dippr=([Kaa o pededs . Fp=[apdz, an
rr r
where the trace forms D, F are inherently related to the original forms D, F,by
Du,v)=DYu,Yv) for every u,v€ H'(Q),Au=Av=0, (12)
F)=F(yz) for every v& H'(f2). ‘ a3

The symmetry and coerciveness properties of K follows directly from those of A via the trace
theorem of Sobolev spaces and vice versa.
Consider now a coupling problem
2: —Au=0, ) (14)
aﬂ=1"1gu,.l=g,jg dz=0, (153
r

1
where the domain {2 consists of two subdomains {2, and 3, with their common boundary I

with normal » directed to the exterior of the outer subdomain {2, which is for example infi-
nite. The inner subdomain {3, is for example finite,and has an outer boundary I'" and an inne:
boundary I'y with normal », directed to the exterior of {3,. The corresponding variational
problem is to find #€ H' (2)such that

D(u,v)=F(v) for every v€ H' (D),

1
D(u,v)=ZD.-(u,'v), D;(u,v)=‘[gradu-gradvdx. i=0,1,
ni

F(v)=1[gud1.

Let K be the boundary operator induced by the Laplace operator in subdomain {2, on it:
boundary I'. Then

Do 0 =Dy (Yot Yor) = j fK(x.x' Yalz Yolddzdz 16
rr

and so the problem(14)—(15) is equivalent to a problem for a reduced domain: to find
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u € H'({2,) such that
D' (usv) =Dy (Yore» Yor) + D, (usv) =F(v) for every v€ H'({3,) an

which is equivalent,in turn,to

£, :—Au=0, (18)
Iyuw =g a
I'iu,=Ku. (20)

Note that,in this reduced problem,in addition to the original boundary I', with the natural
boundary condition in local form (15),a new artificial boundary I' is constructed to carry a
natural boundary condition in non-local form (20), which accounts correctly, i. e. , without
approximation ,for the coupling between the deleted part {2, and the remaining part £2;.

We see that the boundary reduction just described is direct and natural in the variational
formulation ;it faithfully preserves all the essential characteristics of the original elliptic prob-
lem and is fully compatible with FEM. It is thus called the canonical boundary reduction,and
the corresponding integral equations —canonical integral equations. ‘

We give examples of Poi: son formulae and canonical integral equations for the Laplace
equation over some typical domains in two dimensions.

(1)Domain interior to the circle of radius R.

1% (RR—r)u(R,0)do

u(r,0)=§;-r Ri4-r*—2Rrcos(8—8)°
0

r<R,

2x
w(R,6)=—2 j———“‘R’”"w

4r

[4

Rein? (e—za)

(2)Domain exterior to the circle of radius R.

T (P—R)u(R,0)dE
IR2+F—2chw(0—0)’

0

-1
u(r,ﬁ)—zn_

r>R,

x
_u,(R,0)=_4L” u_@%.
: 2 Rsin? ——
(3)Upper half-plane above the line y=a.
u(z, y)-_-% I (y—a)u(x ,a)dz

=2 Y+ —a' %

1 7 u(z ya)dx

—ulxzra)= ——nj '—G-:W.

—oo

(4) Arbitrary simply connected domain 2. If w=f(z) conformally maps =€ £ onto the
interior |w|<C1 of the unit circle,then!*] '

P(z,z')=—-G..-(z,z")= I'f’(zJ)l(l— If(Z)lz)

x| f ) —f]E 2€Q,Z €T,

_ FfE
K(z,z’)— 21t|f(z)—f(z’)|2’ z,z'EFy
1

= —;l—z__—z,-l—z-i-an infinitely smoothing kernel.
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The canonical integral equation (9) was first introduced by Hadamard!"*). The function
—Gua(zx,2')in it is a distribution kernel of high singularity of non-integrable type 1/(x—
' ), regarded as a “finite part”regularization of divergent integrals. It is in fact a pseudo-dif-
ferential operator of order 1 and

— Gy : H()—=H'"'(I") for every real s.

So,at the expense of higher singularity,the canonical integral equation has the advan-

tage of being more stable than the Fredholm equation (5)or(7)of the second kind with the

kernel
(%I-{—E,.:) or (-;—I-i—E.) {H(D)—H'(I') {or every real s.

In addition, the choice in (6) of v(z')=N(z,z'),the Neumann function,satisfying
—A'N(z,2')=38(z'—2), -
Nylxo,z')=—1/L(L is the length of I") for £ €T,

JN(I;.Z")dx'=O, if £ is bounded,
r

gives,as the inverse of (9),the integral equation

u(.r)=IN(x,.z’)u,;(z’)dx'. ZET, ie., u=Nuw
r

first obtained by Hilbert!®! and extended to general second order elliptic equations by
Birkhoff in the earliest paper which had ever discussed the importance of integral boundary
conditions and coupling problems!?. The kernel N (x,'),called in that paper the albedo
function after Fermi,has a weak singularity of the logarithmic type and induces a smoothing
"operator

N . H(D)—~H*(I") for every real s,
which is unfavourable to stability and leads to a variational principle which is not natural and

not compatible with FEM in coupling problems.
3. Canonical boundary reduction for general elliptic equations

The canonical integral equations of a general variational elliptic equation or a system is a
system of integral expressions of the Neumann boundary data in terms of the Dirichlet
boundary data for the solutions of the given equation or system.

Consider a properly elliptic differential operator of order 2m -

Au= 2y (—D1"Fa, (2)Pu, a,€C™, 21
1215 lel<m
A H @D)—=H"*(])
with its associated bilinear form

D(u,v)— Z _J.a,qa’ua‘vdx 22)

on a domain  with C=boundary I" with exterior normal n. Corresponding to A and to the
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set of the Dirichlet trace operators
Y=Yor*** s Y1 )+ Yiu=(3)t| r+ j=0, %+ ym—1,
there is a unique set of boundary differential operators
B=C(Bos** +Bu-1)"s Bu=P:(xz'n(x)Dulr,
such that the Green formula

m—1

DCu,v)= f Au - vdzr+ ;J'p,u . Vudz (23)
o r

holds for smooth u,v. B is the Neumann data complementary to the Dirichlet data Y.u.
From the basic assumption that the Dirichlet problem
1;: Au=0, 24)
I'yY;u=known, j=0,+,m—1. 25)
is uniquely solvable in space H*(2)with the known data Y;u € H*~/~"2(I"),it follows that

the Poisson formula 2= ZP.-‘Y.-u gives an isomorphism
P={(Pgs***y Puy) : T (D)—HY D),
where
m=1
T =1a1d. H@®=weH W m=0).

Then the canonical system of integral equations is given by

Bu=K%Yu,
le € o
m—]
ﬂ.-u=zoK.-,~7,u. i=0,ym—1, (26)
jo

K'.j=ﬁ'. ° P; :H'_j_'/z(I')-»H"""""”” (1-).
It zan be shown that K;; is a pseudo-differential operator of order 2m —1—i— j on the
boundary manifold I" and the matrix operator K is elliptic. Hence K induces a bilinear func-

tional

m—1

D(¢,¢)=(K¢,¢)=”z: J Ky (202 oy W(x)dzd @n
=

which preserves the value of the bilinear functional
D(usv)=DYu,Yv) for every u,v€ H4(N). (28)
Moreover,the formal transpose A of A is given by

Au= (=D Pa, (2)Pu,

R
with an associated bilinear functional

Du,v)=D(v,u).
Then it is easily seen that
R=K@, b=D,
A is symmetric iff K(A) is symmetric,

A is coercive iff K(A) is coercive,
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thus all the essential properties of A are faithfully preserved by K(A) and the following con-
ditions are equivalent ;
(1)Find u€ H*(2) such that
2:Au=0, T:fu=gi, i=0,,m—1.
(2)Find «€ H'()such that

m—1
D(u,v)= Zo (gi»Yu) for every v€ H*'(1).
(3)Find @€ T*(IMsuch that

m—1
Z;K;jﬂ——'gn =0, ,m—1.
=

(4)Find € T*(I") such that

m—1

Dpny= Zﬂ) (girdi) for every $€ T*(I).

Note that the compatibility condition

]
2 (g:»Yv)=0 for every solution v of A*v=0,8"v=0,
i=09 b .m—l ’

for(1) or (2) corresponds to the compatibility condition

m—]
.203 (g.»¢:) =0 for every solution ¢ of K*¢=0
for(3)or(4).
When the solution ¢=Yu of (3) or (4) on I is found,the Poisson formula gives the so-
lution « in £.

From the second Green formula
I(uA' v—vA'u)dr =Iﬂ,’ u¥/ v—B/ vy w)d
'3 T

with v(z' )chosen to be the Green function G(x,2' Yof A, which is the transpose G(z’ ,x) of
the Green function of A,one gets the Poisson kernel

P;(z,.r')=—ﬂ'jG(.1." »x)y i=0,",m—1,z€N0,2' €T, 29)
and the kernel of the canonical integral equation
K;;(x..z")=—'ﬂ.-p'.(;(_°)(.t' ..z:), i,j=0y"' .m—ly.r,.rGI', (30)

where the LHS is the limit distribution kernel (from the inner side)

BR G, 2)=BF G (L ,x)+R;(x,2),
the first kernel on the left being formally evaluated on I", while R;; is a linear combination of
derivatives of the delta~-function &(x— z'Ywith support concentrated on the diagonal r=x'
of I'X ", which corresponds to the jump of the potential. For concrete examples ,see[ 6]

4. Asymptotic radiation conditions

Now We shall apply the techniques of Sections 2,3 to the Helmholtz equation together
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with Sommerfeld radiation condition at infinity
Emr/? (e, —iwu) =0, (31)

r—-oco

={r>R}, I'={r=R)},
Au=—(A+ePDu=0 in O,

D(u,v)=J.(grad u gradv— «Fuv)dzx.
0

The Potsson formula and the canonical integral equation are, respectively,
u(r.ﬂ)—P(w.r,R;o) * u(R.ﬂ) 3

H“’(mr)
H(l)( R)

—u,(r;)=K(w,R;0) » u(R,D), Q32

H(l) (wR) “‘
H(l)( R) ’

where * is the circular convolution in 6. X induces the bilinear functional

D<¢,¢)=fx(w,k;o—6'> . K@ (B e db. (33
r

P(W,r,R'a)— 1 Z C"v f>R1

K(w.R;0)=§17—r_Z_;(—w)

If we consider the circle =R as an artificial boundary for the elimination of the exterior do-
main r=>R,then(32)is the exact of theoretical radiation condition,which s necessarily non-
local. After finite element discretization,a non-local operator becomes a full matrix with the
storage requirement O(N?), N being the number of boundary degrees of freedom. Due to the
convolutional nature of the operator,in the present case of a circle,the resulting matrix is cir-
culant and requires only O(N) storage. However,due to the analytical complexity of the ker-
nel, the computational effort is always expensive. Hence ,much interest has recently been tak-
en in the study of the approximations of non-local boundary conditions by local ones,aiming
at reasonable accuracy at a reasonable espense. From the point of view of compatibility with
the variational formulation and FEM for elliptic problems, it should be required that the ap-
proximation of (32) be expressed as

X Cu= :.2:( 1ic 2k 30
with the corresponding approximation of the trace variational form (33) by

. V[ Fud

D.(You,Yw)= JZHC, -ﬁf‘agdz (35)

A possible approach for the case of large w and R is to start from the asymptouc expan-

sion of Hankel functions for large arguments

o

H®(x)= (-;)me(" i o) E( ) (n,p),

»=0
where

(n,p)= —H(n —(——)2)

Pl
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is an even polynomial in n of degree 2p . One can then deduce an asymptotic expansion for

Hlﬂ’, ((::R) wg ( ) a,(n*),

where
a(n®)=ay(n*)=1, a.(n’)=2(n’—-—i-), a;(n?)= —4(71’-%-) ’

a(n?)=2k—2)(n,k—1)—a;(n*) (n,b—2) —+»—ay_,(n*) (n,1).
Take the mth truncation

K.(n?)= —z'wpgo ( zw;R)'a,(nz) ;

then the successive asymptotic radiation conditions are

du F _ .
Am:_$=K.(—¥z)u1 m—'Ovl!"
In particular,
Ao:—grl—‘=Kou=—l‘wu,
A”—?—;=K1u=(—iw+'l')u,
du__ i i Fu
A —5=Ku= ( “"+2R 3wR2) 20R 0’
Ju__ . D ) _ 1 1 ﬁt
A”_a—r“K’“_( ""+2R 8wR? SwZR’) (2wR’+2w’R’)a92'

As a comparison we quote the absorbing radiation conditions, based on the factorizatior

technique of pseudo-differential operators, given by Engquist and Majda™,
du_( . 1
El [ S = ( W+ 2 R) U,

pe
B —g-fu=( —&0+§1E)u—(-2_:;—R+2a;R’) f;’

and the sequence, based on the asymptotic expansion of solutions of the wave equation, giv-
en by Bayliss and Turkel®,

B,u=9—“+(—z}u+iR)u=o,
Byu=2%+( 20w +3) 2y (i w2+4—R-,)u=o,

B‘u=(% l(l)+4k2 3)B‘_1u'—*01 k=2,3,

Note that A, is the Sommerfeld condition, A,, E, and B, are the same. Starting from index
2 the three sequences diverge, and, starting from i=3,the E; and B; are not expressible in
the required form (34). The differential operator K,,, has the-same order as K, but is of
higher accuracy,and so is preferable.

It is to be remarked that the conventional boundary condition of the third kind Ju/an=
cu»usually expressing the so-called elastic coupling between the system and its environment

is éimply the crudest approximation to the full coupling (32) in the present context. The
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next approximation 2w/ an=ceu—c,8u/3" ,which reflects the coupling with the environment
much better and involves hardly any more additional effort in the FEM implementation ,de-
serves attention. The coefficients ¢, ,in addition to c¢,,should be theoretically predictable as
well as experimentally determinable, they are likely to have potentially wide applications in
practice. In this sense,the approximate boundary condition A; seems to be the most interest-

ing.

For FEM solutions and the related numerical analysis for the canonical integral equa-
tions here described,see[6,10,117.
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