HAMILTONIAN ALGORITHMS FOR HAMILTONIAN DYNAMICAL SYSTEMS �

´Æfiff�æ)$�´Æfiff”ffi

x1 Background and Motivation

It is well known that two great contributions in natural science are given by Newton in the 17th century, one being the fundamental law of motion F = M a in physics, the other being the invention of differential calculus in mathematics. For the motion with n-degree freedom, let

vector of position q = (q_1, . . . , q_n),

vector of velocity q̇ = dq dt (q_1, . . ., q_n), vector of acceleration q̈ = d^2 dt^2 (q_1, . . . , q_n), force field in conservative mechanical systems be represented by

force (vector) F = − ∂V ∂q , which is the negative gradient of a potential function V = V (q). Then, M d^2q dt^2 = − ∂V ∂q . (1.1)

This is a standard form of equation of motion and is a system of second order differential equations in the configuration space R^n, usually called the standard form (or Newton’s form) in classical mechanics.

In the 18th century Euler and Lagrange introduced the action function

L = T − V = kinetic energy − potential energy

to be the difference between the kinetic and potential energies, i.e. L(q, q̇) = T (q̇) − V (q) = 1 2 (q̇, M q̇) − V (q). �_{Joint with Qin M Z} �_{Progress in Natural Science, 1991 (1:2): 105–116}

They show that the actual trajectory is an extremal of the functional on the space of trajectories joining the initial position q(t_0) and final position q(t_1), i.e. δ ∫_{t1} t0 L(q, q̇)dt = 0. (1.2) In fact, this extremal equation of variational principle (Euler-Lagrange equation) d dt ∂L ∂q̇ − ∂L ∂q = 0 (1.2^′)

is equivalent to Newton’s equation (1.1). Eq. (1.2) is called Lagrange variational form for classical mechanics.

In the 19th century Hamilton proposed another form by using momentum p = M q instead of velocity. Then, T =^1_2 (p, M^{−1}q), total energy H = T + V is represented by a function of p and q, namely,

H(p, q) = T (p) + V (q) = 1 2 (p, M^{−1}p) + V (q), and furthermore, ṗ = − ∂H ∂q , q̇ = ∂H ∂p , (1.3)

which is called the Hamiltonian system in canonical form. It is seen that (1.3) is a first order differential equation system with variable (p_1, . . ., p_n, q_1, . . . , q_n) in 2n-dimensional phase space or symplectic space and it is in a form with remarkable simplicity and symmetry property. Outline of these three basic forms of equations for classical mechanics can be found in almost all textbooks of theoretical physics and theoretical mechanics. These different mathematical forms describe the same physical law. They are equivalent, but look very different and therefore give different technical approaches in practical “problem solving”. So equivalent mathematical formalisms do not imply equal effectiveness in practice. Concerning this we have our understanding throughout our own experience.

In the early 1960s the first author of this paper developed the finite element method — a systematical algorithm for solving stationary problems. This kind of physical problem has two equivalent mathematical formulations: one is Newtonian form, i.e. solving elliptic equation of second order; the other is variational form, i.e. solving extremal of energy functional. The key to success of the finite element method is that variational forms are used as its foundation. After working out the finite element method and its mathematical foundation, the author had tried to apply the idea of this method to dynamical problems of continuum mechanics and failed.

Thus, Lagrange formalism seems not to be the best choice of basis for the numerical methods on nonstationary problem, let alone the Newtonian formalism. So, a more judicious choice might be the Hamiltonian formalism. This inspired our interest towards the Hamiltonian formalism. We also considered the historical inception to Hamiltonian system. Hamilton first originated a mathematical formalism for the foundation of geometrical optics in the 1820’s and several years later he applied it to a quite different field, classical mechanics, as an alternative and mathematical equivalent of the then well-founded Newtonian and Lagrangian formalisms. Hamilton had moderate expectations about his own contributions for still wider applications and for a possible formation of a new discipline^{[1]}. However, the acceptance of the Hamiltonian formalism had been slow and sceptical; it was considered generally “beautiful but useless”^{[2]} . Klein, a famous mathematician, while giving a high appreciation to the mathematical elegance of the theory, but suspected its applicability, and said: “Physicists can make use of these theories only very little, and engineers nothing at all”^{[3]}. This “non-Kleinian” remark of Klein was refuted definitively, at least so far as physicists are concerned, by the founding of quantum mechanics, whose formalism is Hamiltonian. Schrödinger, one of the founders of quantum mechanics, has said, “Hamiltonian principle has become the cornerstone of modern physics, · · · . If you wish to apply the modern theory to any particular problem, you must start with putting in Hamiltonian form.”^{[4]}

x2 The Significance of Hamiltonian Systems

It is by now almost beyond dispute that, all real physical processes with negligible dissipation — no matter whether it is classical, quantum, or relativistic, and of finite or infinite degrees of freedom — can always be cast in suitable Hamiltonian form.

Finite degrees of freedom. Such as celestial and satellite mechanics, rigid bodies and rigid multi-bodies — including robotic motions, geometrical optics, plasma confinement, accelerator design, optimal control, WKB and ray asymptotics, etc.

Infinite degrees of freedom. Such as ideal fluid dynamics, elasticity, electrodynamics, nonlinear waves, solitons, quantum mechanics and quantum field theory, relativity, etc.

From above, we can see that Hamiltonian system is ubiquitous and it can express different laws of physics in a unified mathematical form. So, a systematic research and development of numerical methodology for Hamiltonian systems is well motivated. If it could turn out to be successful, it would imply wide-ranging applications.

Then is started a search for the existing literature on the numerical methods for Hamiltonian systems. Hamiltonian systems, in finite or infinite dimensions are special forms of ordinary or partial differential equations. From the 18th century up to date, there has existed cumulative wealth of literature on numerical methods for differential equations, no matter whether the methods are in general use or for special problems. However, we were surprised by the puzzling fact that, the pertinent works related specifically to Hamiltonian differential equations are virtually, if not absolutely, void. This gives us added incentive to make an inquiry into this grossly neglected but fertile and promising field.

x3 The Approach Based on Symplectic Geometry

We have illustrated the background, the motivation and the significance of the research. In the following, we shall discuss the scientific approach adopted.

A basic but unwritten rule for the research on numerical methods is that the properties of the original problem should be preserved as much as possible under discretization. The best way to achieve this aim is to work out the analog within the same framework of the original. For example, finite element method is such a method that discrete problems are kept in the same Soblev space consisting of the solutions of the original problem such that some essential properties such as symmetry, positive definite property, conservation law are preserved, guaranteeing the effectiveness and the reliability in practical performance. Some numerical methods which are not so successful provide us with contrary examples to support this rule.

According to the above guideline, numerical methods for Hamiltonian systems which preserve the essential properties of the system are proposed. We called them Hamiltonian algorithms, which can be worked out in the same framework of Hamiltonian systems. In the following, we shall show that symplectic geometry is the mathematical framework of Hamiltonian system. So, Hamiltonian algorithm should be originated from within the framework of symplectic geometry. This is our basic approach for research.

We illustrate concisely symplectic geometry by analogy with Euclidean geometry. An Euclidean structure in Euclidean space R^n is determined by a bilinear, symmetric and nondegenerate inner product ⟨x, y⟩ = ⟨x, Iy⟩, I = I_n is identity . (3.1) When x ≠ 0, ⟨x, x⟩ is positive, and so, we can define the length ‖x‖ = √ ⟨x, x⟩ > 0. Linear operators which keep inner product (i.e. length) or satisfy A^′A = I form a group O(N ), i.e. orthogonal group. It is a classical Lie group and its Lie algebra o(n) consists of antisymmetric operators, i.e. A^′ + A = A^′I + IA = 0, or of infinitesimal orthogonal operators.

Symplectic geometry is the geometry of phase space; a symplectic structure in symplectic space, i.e. phase space R^{2n} is determined by a bilinear, anti-symmetric and nondegenerate inner product–symplectic inner product: [x, y] = ⟨x, Jy⟩, J = J_{2n} = ( 0 +I_n −I_n 0 ) . (3.2)

When n = 1, [x, y] = | | | x_1 y_1 x_2 y_2 | | | , (3.3)

which is the area of the parallelogram formed by vectors x, y. In general, symplectic inner product is area measure. Since symplectic inner product is anti-symmetric, [x, x] = 0 for any x, and so it is impossible to define length by symplectic structure. This distinguishes symplectic geometry from Euclidean geometry. Linear operator which keep symplectic inner product, i.e. A^′JA = J, form a group Sp(2n), i.e. symplectic group. It is also a classical Lie group, and its Lie algebra consists of infinitesimal symplectic operators B, satisfying B^′J + JB = 0, which is denoted by sp(2n). In odd dimensions anti-symmetric matrix always degenerates, and thus, the dimensions of symplectic space should be even, so should the dimensions of phase space.

In symplectic geometry, a symplectic operator (or, in classical language, canonical transformation) is a diffeomorphism g of R^{2n} onto itself with Jacobi matrix g_z everywhere symplectic. Naturally, this transformation plays an important role in symplectic geometry. Let us come back to the Hamiltonian dynamics. If a pair of n-dimensional vectors are presented as a 2n-dimensional vector z = (p, q), then canonical Hamiltonian Eq. (1.3) can be written as dz dt = J^{−1}∇H(z), (3.4)

and symplectic transformation keeps the canonical form Hamiltonian Eq. (3.4). The fundamental theorem on Hamiltonian formalism says that the solution z(t) of the canonical system (3.4) of energy H with initial value z(t_0) can be generated by a one-parameter group g^{t,t0} = g^{t,t0}_H , called the phase flow of H, of symplectic operators of R^{2n} (locally in t) such that z(t) = g^{t,t0}_H z(0), i.e. g^{t,t0}_H transforms the state at time t_0 to the state at time t. Therefore the evolutions of Hamiltonian dynamical systems are exclusively canonical transformations. This is the fundamental property of Hamiltonian formalism. When the system H is time-independent, then g^{t,t0}_H = g^{t−t0,0}_H , i.e. the phase flow depends only on the difference of parameters t − t_0. For simplicity, we denote it by g^t = g^{t,0}_H .

x4 Main Results

Next, we give a brief survey of results of the authors and their colleagues^{[5,15]}. Every difference scheme, explicit or implicit can be regarded as a mapping from time t^n to time t^{n+1}. If the mapping is symplectic we call the difference scheme symplectic scheme.

For example, we consider the linear Hamiltonian system i.e. H(z) =^1_2 z^′Sz, S^′ = S. Then, Eq. (3.4) becomes dz dt = J^{−1}Sz = Lz, L = J^{−1}S. It is easy to see that the weighted Euler scheme 1 2 (z^{k+1} − z^k) = L(αz^{k+1} + (1 − α)z^k) (4.1)

for the linear system is symplectic iff α =^1_2 , i.e. it is a time-centered Euler scheme with transition matrix F_τ :

z^{k+1} = F_τ z^k, F_τ = φ(τ L), φ(λ) =

1 + λ/2 1 − λ/2 , (4.2)

where F_τ , as the Cayley transform of infinitesimally symplectic τ L, is symplectic.

For the separable Hamiltonian H(z) = H(p, q) = 1 2 p^′U p + 1 2 q^′V q (U, V are symmetric matrices), (4.3)

we have Hamiltonian system dp dt = −V q, dq dt = U p. (4.4)

An explicit scheme p^{k+1} = p^k − τ V q^k, q^{k+1} = q^k + τ U p^{k+1} k ≥ 0 (4.5)

can be rewritten in the form ( q^{k+1} p^{k+1} ) = ( I −τ V τ U I − τ^2U V ) ( q^k q^k ) = g^k ( p^k q^k ) , (4.6) and g^k = ( I −τ V τ U I − τ^2U V ) = ( I 0 −τ U I ) ( I − τ V 0I ) . (4.7)

g^k is symplectic matrix because the right side in Eq. (4.7) is product of two symplectic matrices.

We consider the diagonal Padé approximants P_m(λ)/P_{−m}(λ) to the exponential function e^λ, where P_0(λ) = 1, P_1(λ) = 2 + λ, P_2(λ) = 12 + 6λ + λ^2, . . . , P_m(λ) = 2(2m − 1)P_{m−1}(λ) + λ^2P_{m−2}(λ).

We can prove by using generalized Cayley transformation that the difference scheme,

z^{k+1} = P_m(τ L) P_m(−τ L) z^k, m = 1, 2, . . ., (4.8) is symplectic, A-stable, of 2mth order of accuracy, and of the same set of quadratic invariant integrals including H(z) as that of system (4.9) dz dt = Lz. (4.9) For the general non-linear Hamiltonian system (3.4), the time-centered Euler scheme

z^{k+1} = z^k + τ J^{−1}H_z ( z^{k+1} + z^k 2 ) (4.10)

is symplectic too, but the trapezoid scheme z^{k+1} = z^k + τ J^{−1}(H_z(z^{k+1}) + H_z(z^k))/2 (4.11) is not symplectic.

For the nonlinear case of the separable Hamiltonian H(p, q) = U (p) + V (q), like scheme (4.5), the scheme p^{k+1} = p^k − τ V_g (q^k), q^{k+1} = q^k + τ U_p(p^{k+1})

(4.12)

is symplectic. In order to increase the order of accuracy we propose time staggered explicit difference scheme p^{k+1} = p^k − τ V_q (q^{k+ 12} ), q^{k+1+ 12} = q^{k+ 12} + τ U_p(p^{k+1}).

(4.13)

Next we consider construction of canonical difference schemes via generating functions. Let α = [ A_α B_α C_α D_α ] , α^{−1} = [ A^α B^α C^α D^α ] , (4.14)

and α be a non-singular real matrix of order 4n satisfying α^T [ 0 I_{2n} I_{2n} 0 ] α = μ [ −I_{2n} 0 0 I_{2n} ] , for some μ ≠ 0. (4.15)

α defines a linear Darboux transformation in product space R^{2n} × R^{2n} by [ ŵ w ] = α [ ẑ z ] , [ ẑ z ] = α^{−1} [ ŵ w ] , (4.16) namely, ŵ = A_αẑ + B_αz, w = C_αẑ + D_αz, ẑ, z, ŵ, w ∈ R^{2n}. (4.17) Let z → ẑ = g(z, t) = G(z, t)M_0, G(z, t) be a phase flow of Hamiltonian system. It is a time-dependent canonical transformation.

The Jacobian M (z, t) = ∂g(z, t) ∂z ∈ Sp(2n), M (z, 0) = M_0. If det | C_αM_0 + D_α |≠ 0 (4.18) holds, then there exists, for sufficiently small | t | and in (some neighborhood of) R^{2n}, a time-dependent gradient transformation w → ŵ = f(w, t) with Jacobian^{∂f(w,t)}_{∂w} = N (w, t) ∈ Sm(2n) (i.e. everywhere symmetric), and a time-dependent generating function Φ_{α,H} (w, t) with gradient f(w, t) = ∇Φ_{α,H}, [w − ∇Φ_{α,H} (w, t)] |_{ŵ=A}ff_{ẑ+B}ff_{z,w=C}ff_{ẑ+D}ff_z= 0 is an implicit representation of the canonical transformation ẑ = g(z, t). The generating function Φ(w, t) satisfies the Hamilton-Jacobi equation Φ_t(w, t) = −μH(C_1Φ_α(w, t) + D_1w), w = C_αẑ + D_αz. (4.19) On the other hand, for a given time-dependent scalar function ψ(w, t) : R^{2n} × R → R, we can get a time-dependent canonical map g̃(z, t). If ψ(w, t) approximates the generating function Φ_{α,H} (w, t) of the Hamiltonian system (3.1), then g̃(z, t) approximates the phase flow g(z, t) .

For sufficiently small τ > 0 as the time-step, define

ψ^{(m)}(w, τ ) = m∑ k=0 Φ^{(k)}(w)τ^k, (4.20)

where Φ^{(0)}(w) = 1 2 w^T N_0w, N_0 = (A_αM_0 + B_α)(C_αM_0 + D_α)^{−1}, Φ^{(1)}(w) = −μH(E_0w), E_0 = (C_αM_0 + D_α)^{−1}, and as k ≥ 1,

Φ^{k+1}(w) = − μ k + 1 k∑ m=1 1 m! D^m_z H(E_0w) ∑ k1+···+km=k (A^α∇Φ^{k1}(w), . . . , A^α∇Φ^km(w)). Then ψ^{(m)}(w, r) is the mth approximant of Φ(w, τ ), and the gradient map w → ŵ = f(w, τ ) = ∇ψ^{(m)}(w, τ ) (4.21) defines an implicit canonical map z → ẑ = g(w, t) by the equation [ŵ − ∇ψ_{α,H} (w, t)] |_{ŵ=A}ff_{ẑ+B}ff_{z,w=C}ff_{ẑ+D}ff_z = 0, (4.22) i.e.

A_αẑ + B_αz = ∇ψ^{(m)}(C_αẑ^{k+1} + D_αz^k, τ ). (4.23)

Choose

α = −I_n 0 0 0 0 0 I_n 0 0 I_n 0 0 0 0 0 I_n

, μ = 1, M_0 = J_{2n}.

We get generating function of the 1st type for the case | |^{∂q̂}_{∂p} | | ≠ 0:

Φ = Φ(q̂, q, t, ), −p̂ = Φ_{q̂}, p = Φ_q . Its Hamiltonian-Jacobi equation is Φ_t + H(Φ_q, q) = 0.

Choose

α = −I_n 0 0 0 0 0 I_n 0 0 I_n 0 0 0 0 0 I_n

, μ = 1, M_0 = J_{2n}.

We get generating function of the 2nd type for the case | |^{∂q̂}_{∂p} | | ≠ 0:

Φ = Φ(p, q̂, t, ), −p̂ = Φ_{q̂}, −q = Φ_p, Φ_t + H(p, −Φ_p) = 0. Choose Poincare generating transformation α = [ −J_{2n} J_{2n} 1 2 J_{2n}^1_2 J_{2n} ] , μ = −1, M_0 = I_{2n}.

We obtain Poincare generating function

Φ = Φ(w, t), w = 1 2 (ẑ + z), ŵ = J(z − ẑ) = Φ_w, Φ_t − H(w − 1 2 JΦ_w) = 0.

For the linear Darboux transformation α satisfying conditions A_α + B_α = 0, C_α + D_α = I_{2n}, it can be represented in the following general form α = | | | −J J 1 2 (I + V )^1_2 (I − V ) | | | , (4.24)

where V^T J +JV = 0. Therefore, we can construct an infinite variety of symplectic difference schemes via this method.

We now take V = | | | (1 − 2θ)I_n 0 0 −(1 − 2θ)I_n | | | . (4.25)

It can be easily verified that V^T J + JV = 0. When θ = 1/2, the scheme is centered scheme (V = 0), which preserves all quadratic first integrals of the Hamiltonian system (1.3). When θ ≠ 1/2, the symplectic difference schemes constructed by (4.25) preserve only the quadratic

first integrals with the form^1_2 z^T [ 0 B B^T 0 ] z = p^T Bq of the Hamiltonian system^{[17]}.

A generalization of the above theory and method to the infinite dimensional Hamiltonian equations is also given. Suppose B is a reflexive Banach space and B^∗ its dual. E^n is an

Euclidean space and n is dimension. The generalized coordinate in the Banach space is function q(r, t) : E^n × R → R. We have q(r, t) ∈ B, which corresponds to the configuration space. We introduce p(r, t), generalized momentum, where r ∈ E^n, t ∈ R. For ∀t ∈ T , p(r, t) ∈ B^∗, which corresponds to momentum space, and B × B^∗ is the phase space.

Let H be a functional in Hamiltonian mechanics. We have the Hamiltonian equation in B × B^∗ dq dt = − δH(p, q, t) δq , dq dt = + δH(p, q, t) δp , (4.26)

where δ/δq, δ/δp are variational derivatives. We denote z = (p, q) ∈ B × B^∗. Then we get formally the form of (4.26) dz dt = J^{−1} ( δH δz ) . (4.27)

We cite references on further results of Hamiltonian algorithms, including symmetry and conservation law^{[9,15,25,27]}, symplectic Runge-Kutta method^{[24]}, multi-stage symplectic schemes^{[19]}, leap-frog scheme^{[21,15]}, schemes which preserve energy, explicit symplectic schemes and its applications in the Arnold diffusion, chaos computation by symplectic schemes^{[13]}, Poisson transformation and its generating function theory and its application^{[16]}, applications in quantum mechanics^{[25]}, etc.

x5 Conclusion

Our experiences and achievements show that:

1. The numerical methods on Hamiltonian systems is a fertile and promising field and it is worthy of study.

2. Hamiltonian (symplectic) algorithm for Hamiltonian systems can be worked out and would be of great significance. Apart from some rare exceptions, almost all the conventional schemes for ODE’s are non-symplectic when applied to Hamiltonian systems. Unavoidably they introduce, above all, artificial dissipation and other parasitic effects which are alien to Hamiltonian dynamics, leading eventually to grave, qualitative distortions. Many nonconventional schemes are proposed, and these schemes have the advantage of preserving the properties of the systems, especially in the aspects of global, structural properties, stability and long-term tracking capabilities, as confirmed by extensive numerical experimentation^{[9,13]}.

3. This judiciously chosen symplectic approach is quite natural and justified in view of the innate relationships between Hamiltonian dynamics and symplectic geometry, and the approach turns out to be fruitful and successful. The algorithms are constructed and analysed within the framework of symplectic geometry. For constructing algorithms, we developed the generating function theory in the context of Darboux transformation, which itself is a matter of independent significance.

4. We have also begun to study the Hamiltonian algorithms for quantum mechanics^{[25]}. Hamiltonian algorithms for infinite dimensional Hamiltonian systems–including quantum mechanics and other continuum medium physics–are of promising in applications.

5. Hamiltonian algorithms are also available to dissipative systems. By doubling the variable, we extended dissipative systems as Hamiltonian systems and obtained Hamiltonian algorithms for them^{[20,28]}. On the other hand, Hamiltonian algorithms can be directly and naturally adapted to Hamiltonian systems with dissipative perturbation given by Rayleigh function. Studies in this field are just beginning and which are also of extensive promise.

References

1 Hamilton W R. General methods in dynamics, The Mathematical Papers, Vo 1, 2. Cambridge Univ. Press. 1940 2 Synge J L. Scripta Mathematica. 1944 10: 13–24 3 Klein F. Vorlesungen über die Entwicklung der Mathematik in 19 Jahrhundert. Teubner. 1926 4 Schrödinger E. Scripta Mathematica. 1944 10: 92–94 5 Feng K. On difference schemes and symplectic geometry. In Feng K, ed. Proc 1984 Beijing Symp Diff Geometry and Diff Equations. Beijing: Science Press, 1985. 42–58 6 Feng K. Difference schemes for Hamiltonian formalism and symplectic geometry. J Comp Math.

1986 4(3): 279–289 7 Feng K. Symplectic geometry and numerical methods in fluid dynamics. In Zhuang F G, Zhu Y L, eds. Proc 10’th Inter Conf on Numerical Methods on Fluid Dynamics. Beijing. 1986. Lecture Notes in Physics. 1986 264: 1–7. Berlin: Springer Verlag 8 Feng K. Canonical difference schemes for Hamiltonian canonical differential equations. In Proc Inter Workshop on Applied Diff Equations. Singapore: World Scientific. 1986: 59–73 9 Feng K, Qin M Z. The symplectic methods for computation of Hamiltonian equations. In Zhu Y L, Guo Ben-yu, ed. Proc Conf on Numerical Methods for PDE’s. Berlin: Springer, 1987. 1–37. Lect Notes in Math 1297 10 Feng K, Wu H M, Qin M Z, Wang D L. Construction of canonical difference schemes for Hamiltonian formalism via generating functions. J Comp Math. 1989 7(1): 71–96 11 Feng K, Wang D L. Symplectic difference schemes for Hamiltonian systems in general symplectic structures. J Comp Math. 1991 9(3):

12 Feng K, Wang D L. A note on conservation laws of symplectic difference schemes for Hamiltonian systems. J Comp Math. 1991 9(3): 229–237 13 Feng K. The Hamiltonian way for computing Hamiltonian dynamics. In Spigler R, ed. Applied and Industrial Mathematics. Netherlands: Kluwer, 1991. 17–35 14 Feng K, Wu H M, Qin M Z. Symplectic difference schemes for the linear Hamiltonian canonical systems. J Comp Math. 1990 8(4): 371–380 15 Ge Z, Feng K. On the approximation of Hamiltonian systems. J Comp Math. 1988 6(1): 88–97 16 Ge Zhong, Generating function for the Poisson map, preprint, Computing Center, Chinese Academy of Sciences, 1988.

17 Li C W, Qin M Z. A symplectic difference scheme for the infinite dimensional Hamiltonian system. J Comp Math. 1988 6(2): 164–174 18 Qin M Z. A symplectic difference scheme for the Hamiltonian equation. ibid. 1987 5: 203–209 19 Qin M Z, Wang D L, Zhang M Q. Explicit symplectic difference schemes for separable Hamiltonian systems. J Comp Math. 1991 9(3): 211–221 20 Wu Y H. The generating function for the solution of ODE and its discrete methods. Computer Math Applic. 1988 15(12): 1041–1050 21 Qin M Z. Leap-frog schemes of two kinds of Hamiltonian equation. Math Numer Sinica. 1988 7(3): 272–281 22 Qin M Z. Canonical difference scheme for the Hamiltonian equation. Math Methods in Appl Science. 1989 11(3): 543–557 23 Qin M Z, Zhang M Q. Multi-stage symplectic schemes of two kinds of Hamiltonian system for wave equation. Computer Math Applic. 1990 19(10): 51–62

24 Qin M Z, Zhang M Q. Symplectic Runge-Kutta schemes for Hamiltonian systems:[Preprint].

Beijing: Computing Center, Chinese Academy of Sciences. 1989 25 Qin M Z, Zhang M Q. Explicit Runge-Kutte-like schemes to solve certain quantum operator equations of motion. J Statistical Physics. 1990 65(5/6): 839–844 26 Qin M Z, Zhang M Q. High-order accurate difference schemes for KdV equation and its conservation law: [Preprint]. Beijing: Computing Center, Chinese Academy of Sciences. 1989

27 %�œ. Hamilton (#�*,1fflfl�Øø&�¸�2`ß-0˚!2+. 1988 28 ȷ3�1ı’2�*¯ˇ˘Œ./�Øø&�2`ß-0˚!2+, 1988