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MACHINE LEARNING PROBLEM

Build a model of output variables z as a function of
input variables X over a specified interval
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Independent variables: Dependent variables:
Operating conditions, inlet flow Efficiency, outlet flow conditions,

properties, unit geometry, conversions, heat flow, chemical
molecular descriptors, etc. potential, etc.
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DESIRED MODEL ATTRIBUTES

1. Accurate

— We want to reflect the true nature of the system
2. Simple

— Usable for algebraic optimization
— Interpretable

3. Generated from a minimal data set

— Reduce experimental and simulation requirements

4. Obeys physics and user insights
— Increase fidelity and validity in regions with no measurements
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EUROPE IN 1801

* Piazzi observed positions of Ceres

* @Gauss: Least squares
— Used observations and Kepler’s conjecture
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ALAMO

Automated Learning of Algebraic MOdels
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MODEL COMPLEXITY TRADEOFF

Kriging [Krige, 63]
Neural nets [McCulloch-Pitts, 43]
Radial basis functions [Buhman, 00]
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MODEL IDENTIFICATION

* Identify the functional form and complexity of the surrogate
models z = f(z)
 Seek models that are linear combinations of sets of basis

functions
1. Simple basis functions

Category X;(x)

I. Polynomial (za)”

II.  Multinomial H (za)™
deD'CD

8 (4]
ITI. Exponential and logarithmic  exp (%;i) , log (%1)

2. User-specified basis functions
3. Radial basis functions
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OVERFITTING AND TRUE ERROR

* Step 1: Define a large set of potential building blocks
2(z) = fo + P11 + Poxo + Bax1xg + Lfae™ + P52 + ...

* Step 2: Model rm\ [

2(x) =2+ 9+ 5e™

ances model fit against model complexity

Select subset that bg
=

Ideal Model

*True error
Empirical error

i Complexity
1

< — - —>
Underfitting I Overfitting
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MODEL SELECTION CRITERIA

« Balance fit (sum of square errors) with model complexity

(number of terms in the model; denoted by p)
Corrected Akaike information criterion

2p(p+1)
N—-—p-1

N
1
AICC = Nlog NZ(ZL' —Xiﬁ)z + Zp +
i=1

Mallows’ Cp

Iiv=1(ZiA— XiB)* ey

2
o
Hannan-Quinn information criterion

Cp: p—N

|
HQC = N log NE(ZL' — X;£)? | + 2plog(log(N))

=1
Bayes information criterion

N 2

. Nz — X

pic = 2= — 2 + p log(N)
o
Mean squared error
MSE = §V=1(Zi _Xiﬁ)z

N—-—p-1
* Mixed-integer nonlinear programming models
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CONVEXIFICATION AND GLOBAL OPTIMIZATION

X

Classical optimization algorithms provide a local
minimum “closest” to the starting point used




CONVEX ENVELOPES

Function Domain

VU rel[-2,—1] ye[l,4]

y/(r1x2) xy € (0.1, 1] xo € [1.5,2] y € [0.5,2]
yexp(—z) r e |—1,1] y € [1,3]

logoy /x> r € [0.1,2] y € [0.1,107]

yexp(xy — o) xy € [0,1] xy € [0, 1] y € [—1,1]
r2log, 0y re[-1,2] y € [0.1,10]

Y1yo/x xr e [0.1,1] y1 € (0.1, 1] ya € [0.5,1.5]
22\ /y1 T 2 re[0.1,0.5] i €]0,1] yo € [0.5,1.5]
(2y1 — yo) exp(—z) | z € [-0.5,1.0] w1 €[0.6,1.5] w2 € [0.1,1.0]
(y1 + yo)/x z € [1,5] i €[=2,1]  yp e [1,3]
Y12/ T x e [0.1,1] Yy € |—1,1] ys € (0.1, 1]
(VUL —y2)exp(—z) | = € [0,1] vy € 0,1] y2 € (0.1, 2]
(y1y2 — 2)/ log x x € [10,100] vy € [0,1] ys € [1,2]

Khajavirad and Sahinidis, 2013, 2014
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Convexification
Range Reduction

Finiteness @ \ ! \
£ A LT
o)

BRANCH-AND-REDULCE

* Implemented in BARON

— First deterministic global optimization solver for NLP and MINLP



GLOBAL MINLP SOLVERS ON MINLPLIB2
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not more than =-times worst than best solver

4 CAN_SOLVE
| BARON
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ANTIGONE

Con: 1893 (1—164,321), Var: 1027 (3—107,223), Disc: 137 (1—31,824)
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CPU TIME COMPARISON OF METRICS

* Eight benchmarks from the UC-Irvine data set

* Seventy noisy data sets were generated with multicolinearity
and increasing problem size (humber of bases)

Cp ——BIC —-AIC, MSE, HQC

100000

BIC solves more than two

orders of magnitude faster
. / than AIC, MSE and HQC

0.01

CPU time (s)

20 30 40 50 60 70 80

Problem Size
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MODEL QUALITY COMPARISON

* BIC leads to smaller, more accurate models
— Larger penalty for model complexity

Cp ——BIC

J
>
o
T
o
O
{
<
(2
m

25

20 30 40 50 60 70 80

0 & e Problem Size
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Problem Size

Spurious Variables Included
% Deviation from True Model
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ALAMO

Automated Learning of Algebraic MOdels

( Start )

Y

Initial sampling

Y

( . )
Build surrogate

A 4

. model )
Up.da-lte Adaptive
training sampling
data set
false Model

converged? __— .
Error maximization
true .
( stop ) sampling
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ERROR MAXIMIZATION SAMPLING

* Search the problem space for areas of model inconsistency
or model mismatch

* Find points that maximize the model error with respect to
the independent variables

Surrogate model

max (2(z) — 2(z))”

— Optimized using derivative-free solver SNOBFIT (Huyer and
Neumaier, 2008)

— SNOBFIT outperforms most derivative-free solvers (Rios and
Sahinidis, 2013)

Carnegie Mellon University
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CONSTRAINED REGRESSION
0 < Al <[A]™*

[A] / ,\\
/ \ Fits the true function better
\/. —

Fits the data better f

Extrapolation zone

.
N\

N

~
Data space

Safe extrapolation

Carnegie Mellon University

18



CONSTRAINED REGRESSION

Standard regression Constrained regression

4

min Z (2z: — 2(zs; P, ﬂ2))2

B1.P2 P
eas/ S.t. 181 > ﬂg
Z (zt z(m‘h ﬁl)ﬂZ))

ﬁ13ﬁ2
Surrogate

4
model min Z (2 — 2(zi; ﬂl;ﬁz))z

tough B1,P2 P
s.t. 2(z;;61,82) >0 Vz

* Challenging due to the semi-infinite nature of the regression
constraints

e Use intuitive restrictions among predictor and response
variables to infer nonintuitive relationships between
regression parameters

Carnegie Mellon University
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IMPLIED PARAMETER RESTRICTIONS

Find a model Z such that Z(x) > 0 with a fixed model form:

2x)=Prx+ B2

Step 1: Formulate Step 2: Identify a sufficient
constraint in z- and x-space set of B-space constraints
. 2 2 2
. 3 . 3
tnin z_zzl(zq;—[ﬁuwrﬁz:v]) min ;(Zi_[ﬁ1$+ﬁ2$])
st. frz+Bea®>0 zcl0,1] s.t. [ 0.240 8; 4+ 0.0138 B2 > 0
. pm{ 0.281 B; + 0.0223 B2 > 0
constraint 0.120 61 + 0.00173 62 2 0
| 0.138 B; + 0.00263 33 > 0

4 B-constraints

Global optimization problems solved with BARON
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TYPES OF RESTRICTIONS

Al >0
pressure, temperature,
compositions
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mass and energy balances,
physical limitations
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mass balances, sum-to-
one, state variables
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monotonicity, numerical
properties, convexity
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safe extrapolation,
boundary conditions

velocity
profile
model

Add
no slip
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CATEGORICAL CONSTRAINTS
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CATEGORICAL CONSTRAINTS

z1 is shown not to be a significant predictor
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GENERAL GROUP CONSTRAINTS

No more than — At least — Requires — Excludes




SOFTWARE AVAILABILITY

* From The Optimization Firm at http://minlp.com

* Windows, Linux, and OSX versions
* Free licenses for academics, DOE, and CAPD companies

® ALAMO = e[
File Edit Help
Enter data @ Plot data Run ALAMO View results
GeEem 12/ ALAMO terminated successfully E@ nessage
ALAMO version 2017.9.27. Built: WIN-64 Wed Sep 27 16:37:32 EDT 2017
Function If you use this software, please cite:
Cozad, A., N. V. Sahinidis and D. C. Miller,
Autematic Learning of Algebraic Models for Optimization, z
AIChE Journal, 60, 2211-2227, 2014. B0 T Tt T T T Tt Tt T T L
ALAMO is powered by the BARON software from http://www.minlp.com/ - 225—4: —————— —————— —————— L ————— J ————— J —————— —————— L ————— 1 ————— 4 ——————
Licensee: Nick Sahinidis at The Optimization Firm, LLC., niksah@gmail.com. 200~ - b P P SR ooe- R P SR
Reading input data SN o N S P o Lo A SO P i
Checking input consistency and initializing data structures ! '- ! ! ! ! ! ! ! h !
Warning: eliminating basis log(X1) P L [ S S I [ [ S m !
Model size Step O:Ini.tializing.dfa'.ta set . 125__5 ______ i ______ 3______3_______5 ______ i ______ 3 ______ i ______i______i ______ 3 O oats
User provided an initial data set of 11 data points ' ' ! ! ' ' ! ' ' ! !
Eloy We will sample no mere data peints at this stage ! ! ! ! ! ! ! ! ! ! !
Time R T - I T o T i B | [# po
lteration 1 (Approx. elapsed time 0.16E-01 s) ' '
TEI - - m - - T----- R m----- R To---- R ]
Step 1: Model building using BIC i i i i i i i i i i i
500" == - - [ re---- Tm---- qm----- === r----- To---- R ]
Model building for variable Z | | : = | | : L | : :
N S RN SR S S
- ; = yqa | | | | | | i | | | |
BIC = -0.100E+31 with Z = X1"2 : : : : m ' ] ' ' ! !
000 H =gy ——— — — = e — F—— e ——— H
Calculating quality metrics on cbserved data set. 500 -4.00 -3.00 -2.00 -1.00 0.00 1.00 2.00 .00 400 500
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LEARNING THE SIX-HUMP CAMEL FUNCTION

f(xq,x9) = (4 —2.1x5% +

x1

3

)x% + x12; + x5(4x3 —4) + €

lteration N  RZ, |Bllo
1 10 <0 2
2 16 <0 2 First iteration Second iteration
3 19 <0 2
4 27 0.98 7

Third iteration Final iteration

f=4.56x5 —3.16x3 — 2.41x7 + 3.07x3 + 0.38x% + 1.09x;x, — 0.28

Carnegie Mellon University
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OPTIMIZATION WITH THE SURROGATE

True minimum
£(0.0898,—-0.7127) = —1.0316

ALAMO surrogate minimum
1 £(0.0871,—-0.7251) = —1.1248




NEURAL NETWORK SURROGATES

Inputs Hidden layers Output

Inputs  Hidden layer  Qutput

28
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RELU NEURAL NETWORK SURROGATES

1 hidden layer 10 nodes 1 hidden layer 200 nodes 3 hidden layer 30 nodes

f -0.919 -1.22 -1.194

X4 0.064 -0.134 -0.016

X -0.596 0.683 0.639
True minima

f£(0.0898,—-0.7126) = —1.0316
f(—0.0898,0.7126) = —1.0316
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SIMPLE AND ACCURATE MODELS

Modeling type, Median more complexity than required

.

ALAMO modeler, 0

The lasso, 4 — }

Ordinary regression, 9 | .
- ll 0 0 lIO 2IO 3I0 40 |
Number of terms in Number of terms in
the surrogate model the true function

Results over a test set of 45 known functions treated as black boxes
with bases that are available to all modeling methods.
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SAMPLING EFFICIENCY

Fraction of problems solved

1.00 ALAMO modeler
0.99 the lasso
0.97 Ordinary regression

problems
solved exactly

(0.005, 0.80)
80% of the problems
had <0.5% error

error maximization sampling
[

0.00 - :

0 0.005 0.01

Normalized test error 0.95 ALAMO modeler
___.---""""'-"“_-_-,:_.: _______ s D" 0.84 Ordinary regression
0.671" e 0.87 the lasso
-.-5..“&'{;"

0.00 .‘- slingle Latin hyperc:ubeI

0 0.005 0.01

Normalized test error

Results with 45 known functions with bases that are available to all modeling methods
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COMPARISONS ON BENCHMARKS

* 98 problems
— 30 from the UC-Irvine ML repository
— 37 from the NIST standard regression database
— 31 from the virtual library of simulated experiments
* Number of inputs: 1—105 (average 11)
* Number of features: 6—735 (average 90)
* Number of measurements: 6—32561 (average 2144)

* Algorithms compared
— Lasso (Matlab)
— Glmnet (lasso in R)
— A lasso (adaptive lasso option in GImnet)
— Step F/B (Matlab)
— ALAMO with BIC solved to optimality

Carnegie Mellon University
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TIME AND QUALITY COMPARISONS

RMSE on test set

1
1
L 0.75
0.75
L 0.5
05 ' F
0.25 i ------- ALAMO Lasso
0.25 I Lasso ) ----Glmnet ——A Lasso
----Glmnet —A Lasso SR .
------- Step B —Step F 0 E Step B Step F
0
1 100 10000 0.001 0.1 10 1000 100000
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CARBON CAPTURE SYSTEM DESIGN

lean

sorbent " j——— === - -
4@ COg-rich gas | compression !
——»l R |

[ chain |

I

CO32-lean gas a2 t j Lommm e

cold in

Surrogate models for
each reactor and
technology used

ey : :
i parallel trains | . az d e
| |

r
cold out << - > warm d hot out
cold in — in ! «— hot in

A A

* <+— Steam
flue gas —» é—»D— ) —<
rich ?HB <~ i-— feed CO»

S f H1l 1 M
util in sorbent 2

f

* Discrete decisions: How many units? Parallel trains?
What technology used for each reactor?

* Continuous decisions: Unit geometries

* Operating conditions: Vessel temperature and pressure, flow rates,
compositions
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BUBBLING FLUIDIZED BED

Bubbling fluidized bed adsorber diagram

Outlet gasT Solid feed
e
Cooling_’g
water —
CO, rich gas1 lCO2 rich solid outlet
 Model inputs (16 total) e Model outputs (14 total)
— Geometry (3) = Geometry required (2)
— Operating conditions (5) - Operating condition required (1)
— Gas mole fractions (2) = Gas mole fractions (3)
— Solid compositions (2) = Solid compositions (3)
— Flow rates (4) = Flow rates (2)

= QOutlet temperatures (3)

Model created by Andrew Lee at the National Energy Technology Laboratory

Carnegie Mellon University
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Tsorb

out

[eas

out

EXAMPLE MODELS - ADSORBER

frees Solid feed
~~——
Cooling ' E
water —
CO, rich gas 11311] 1Tz?1r_£b

—  1.0P,y;+0.0231 Ly, — 0.0187 In(0.167 Ly) — 0.00626 1n(0.667 vy;) —
51.1 xHCO32ds

Fgas
_gpees (177-1071) NX* 346 L L7107
- in ~2 NX TE* Tsorb © psorb NX xH20™s
- gas 9.75 TiSI?rb gas gas gas rmsorb
—  0.797F%* — — 0.77FE* xCO25™ + 0.00465 FE2° Torb —

gl
0.0181 F& Tsorb x 2052
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SURROGATE RESULTS

0%

Normalized error
5%

10% 0

Model size
20

no. of heat exchanger tubes | «

superficial gas velocity

gas inlet pressure

gas outlet flow rate | -

gas outlet temperature
gas outlet COs fraction -
*gas outlet HoO fraction -
heat exchanger flow rate -
heat exchanger outlet temp.
sorbent outlet temp.
sorbent outlet HCQy -
sorbent outlet NH,COO |

sorbent outlet HoO -

Carnegie Mellon University

underflow adsorber
| overflow adsorber

| overflow regenerator
underflow regenerator
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SUPERSTRUCTURE OPTIMIZATION

Mixed-integer nonlinear
programming model

« Economic model

* Process model

 Material balances

 Hydrodynamic/Energy balances

 Reactor surrogate models

* Link between economic model
and process model

 Binary variable constraints

 Bounds for variables

Other Trains

coolln

solidLean

| utilln
flueln

coolOut

gasOut

hotin
coldin

..... Underflow -
Technology

coldOut hotOut

hotin

warmin

flueQut

"4

MINLP solved with BARON

Carnegie Mellon University
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utilOut solidRich

38



SYMBOLIC REGRESSION

* Symbolic regression

Offers a source of nonlinear forms given only a set of operators
addition, subtraction, multiplication, division, etc.

. ()
~ 21

I xr
L D))

5—582

* Current practice: genetic programming

* Modeled as MINLP
— Binary variables to select functional operators
— Symmetry-breaking constraints

* Not currently implemented in ALAMO

Carnegie Mellon University
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CONCLUSIONS

* ALAMO provides algebraic models that are
v’ Accurate
v Simple
v' Generated from a minimal number of data points

* ALAMO'’s constrained regression facility allows modeling of
v' Bounds on response variables
v’ Variable groups
v’ Forthcoming: constraints on gradient of response variables

* Built on top of state-of-the-art optimization solvers

* Available from www.minlp.com
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